Mathematica 11.3 Integration Test Results

Test results for the 208 problems in "4.1.1.3 (g tan)"p (a+b sin)*m.m

Problem 1: Result more than twice size of optimal antiderivative.

j(a+a$in[c+dx]) Tan[c +dx]®dx

Optimal (type 3, 115leaves, 3 steps):
23alog[l-Sin[c+dx]] 7alog[l+Sin[c+dx]] aSin[c+dX]
- + - +
16d 16d d
a3 a2 2

8d (a-aSin[c+dx])* d (a-asin[c+dx]) 8d(a+aSin[c+dx])

a

Result (type 3, 246 leaves):

_alog[Cos[c+dx]] 15aLog[Cos[ > (c+dx) | -sin[> (c+dx)]]

- +

d 8d
15aLog[Cos[% (c+dx) ] +Sin[% (c+dx)]]

aSec[c+dx]?
- +

8d d
aSec[c+dx]* a
+ _
4d 16d<Cos[§(c+dx)}—Sin[i(c+dx)])4
9a a

- +

16d (Cos[i (c+dx)] —Sin[i (c+dx)”2 16 d (Cos[i (c+dx) ] +Sin[§ (c+dx”)4

9a aSin[c+dx]

16d(Cos[§<c+dx)]+Sin[%(c+dx>”2 d

Problem 2: Result more than twice size of optimal antiderivative.

J(a+aSin[c+dx]) Tan[c +dx]3dx

Optimal (type 3, 71leaves, 3steps):
S5alog[l-Sin[c+dx]] alog[l+Sin[c+dx]] aSin[c+dXx] a?

- + +

4d 4d d 2d (a-asSin[c+dx])

Result (type 3, 166 leaves):
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3alog[cos[, (c+dx)] -sin[y (c+dx]]]

d 2d
3alog[Cos[Z (c+dx)]+sin[> (c+dx)]]

alog[Cos[c+dx]]

+

2d
aSec[c+dx]2+ a )
2d 4d(Cos[§<c+dx)]—SinE(c+dx)”2
a +aSin[c+dx]
4d(Cos[§(c+dx)]+Sin[i(c+dx)])2 d

Problem 3: Result more than twice size of optimal antiderivative.

J(a+asin[c+dx]) Tan[c+dx] dx

Optimal (type 3, 30leaves, 3 steps):
7aLog[1fsin[c+dx]] aSin[c+dx]

d d

Result (type 3, 83 leaves):
aLog[Cos[i (c+dx)] 7Sin[§ (c+dx)]]

- +

d d

aLog[Cos[i(c+dx)]+Sin[i(c+dx)H asin[c+dx]

7aLog[Cos[c+dx]]

d d

Problem 21: Result more than twice size of optimal antiderivative.

j(a+asin[c+dx])ZTan[c+dx]2d1x

Optimal (type 3, 71 leaves, 6 steps):

5a2x 2a?Cos[c+dx] 2a?Cos[c+dx] a?Cos[c+dx] Sin[c +dx]
- + + +

2 d d(1-Sin[c+dx]) 2d

Result (type 3, 145leaves):

—({az (1+sin[c+dx])? Cos[% (c+dx)] (10 (c+dx) -8Cos[c+dx] -Sin[2 (c+dx)]) +
|/
]

Sin[1 (c+dx)] (-2 (8+5c+5dx) +8Cos[c+dx]+Sin[2 (c+dx)])
2

(c+dx) | +Sin[l (c+dx)]

(4d(Cos[ (c+dx)]—$in[l(c+dx”) Cos| A

2

N |
N |
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Problem 25: Result more than twice size of optimal antiderivative.

J(a+asin[c+dx])3Tan[c+dx]7d1x

Optimal (type 3, 160 leaves, 3 steps):
209 a3 Log[1-Sin[c+dx]] a®log[l+Sin[c+dx]] 7a>Sin[c+dx] 3a3>Sin[c+dx]?

- + + +
16d 16d d 2d
a*Sin[c+dx]3 a® 13 a° 71 a*
+ - +
3d 6d(a—aSin[c+dx])3 8d(a—aSin[c+dx])2 8d (a-asSin[c+dx])

Result (type 3, 4801leaves):
3Cos[2 (c+dx)] (a+aSin[c+dx])>

,4d (Cos[i (c+dx)] +Sin[% <c+dx)])5+

209Log[Cos[i (c+dx)] —Sin[i (c+dx)]] (a+asin[c+dx])?

8d (Cos[i (c+dx)] +Sin[i <C+dx)])6

Log[Cos[% (c+dx)] +Sin[§ (c+dx)]] (a+asSin[c+dx])>

+ (a+aSin[c+dx])3/

!

8d (Cos[% (c+dx)] +Sin[§ (c+dx)])6

6

[6d Cos[i (c+dx)] 7Sin[§ (c+dx)] Cos[i (c+dx)] JrSin[1 (c+dx)]

2

(13 (a+aSin[c+dx])3)/ (8d (Cos[% (c+dx)] 7Sin[§ (c+dx)])4

1 1 6
Cos|[= d Sin[= d 71 Si dx])?
os[z(c+ XH+ 1n[2(c+ x)] ]+( (a+asin[c+ x}))/
1 et 2 1 o1 6
{Sd Cos[= (c+dx)|-sin[= (c+dx)] Cos[= (c+dx)|+Sin[= (c+dx)] ]+
2 2 2 2
29Sin[c+dx] (a+aSin[c+dx}>3 (a+aSin[c+dx])3Sin[3 (c+dx)]

4d (Cos[i (c+dx)] +Sin[i (c+dx)])6 12d (Cos[i (c+dx)] +Sin[§ <c+dx)])6

Problem 29: Result more than twice size of optimal antiderivative.

J(a+a$in[c+dx])3Tan[c+dx]6dlx

Optimal (type 3, 180leaves, 9 steps):

23a3x 136a3Cos[c+dx] 136a3Cos[c+dx]3> 23a3Cos[c+dx]Sin[c+dx]
- + - + +

2 5d 15d 2d
a®Cos[c+dx] Sin[c+dx]® 13a°Cos[c+dx] Sin[c+dx]* 23a®Cos[c+dx] Sin[c+dx]3
+

5d (a-aSin[c+dx])> 15d (a-asin[c+dx])? 3d (a®-a*sin[c+dx])

Result (type 3, 561 leaves):
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23 (c+dx) (a+aSin[c+dx})3 27 Cos[c +dX] (aJraSin[Cerx])3

— + —

2d [Cos[2 (c+dx)]+sin[ (c+dx)]]° 4d(cos[ (c+dx)]+sin[? (c+dx]])°

Cos|[3 (c+dx) | (a+aSin[c+dx])3

4 (a+asinfc+dx])?
12d(Cos[§(c+dx)]+Sin[%(c+dx)” /

) (c+dx>]+sin[1(c+dx)]

[Sd
2

Cos[i(c+dx)}fsin[%(c+dx)] Cos|

N |

|
)
|
.

(28 (a+aSin[c+dx])3)/

[15d (Cos[1 (c+dx)] 7Sin[1 (C+dXH)2

A A Cos[l(c+dx)]+sin[1(c+dx>]

2 2

(ZSin[l (c+dx)] (a+aSin[c+dx}>3]/

2
5

/

{15d (Cos[% (c+dx)] —Sin[i (c+dx)})3 (Cos[% (c+dx)] +Sin[% (c+dx)]

Cos[1 (c+dx)] JrSin[1 (c+dx)]

Cos[l(C+dXH*Si”[1<C+dX)] 5 2

[Sd
2 2

56 Sin 1 c+dx)| (a+asSinfc+dx])?
[2

(394Sin[§ (c+dx) ] (a+aSin[c+dxj)3)/
{15d(Cos[;(c+dx)]—Sin[z(c+dxH) Cos[i(c+dx)]+$in[§(c+dx” 6J+

3 (a+aSin[c+dx])>Sin[2 (c+dx)]

4d (Cos[% (c+dx)] +Sin[§ <C+dx)])5

Problem 34: Result more than twice size of optimal antiderivative.

J(a+a$in[c+dx])4Tan[c+dx]5dlx

Optimal (type 3, 129leaves, 3 steps):

25a*Log[1-Sin[c+dx]] 16a*Sin[c+dx] 9a*Sin[c+dx]?
d d 2d
43*Sin[c+dx]® a*Sin[c+dx]* at 11 a®
_ . _
3d 4d d(a—aSin[c+dx])2 d(a—aSin[c+dx})

Result (type 3, 390 leaves):
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19 Cos[2 (c+dx)] <a+aSin[c+dx}>4 Cos [4 (c+dx)] (aJraSin[Cerx])4

8d [Cos[L (c+dx)]+sin[ (c+dx)])® 32d(cos[L (c+dx)]+sin[L (c+dx)])"

50Log[Cos[§ (c+dx)] —Sin[% (c+dx)]] (a+asin[c+dx])*

[d

(11 (a+aSin[c+dx])4)/

+ <a+aSin[c+dx}>4/

!

d (Cos[i (c+dx)]+sin[2 (c+dx)])s

* <c+dx)]

Cos[% (c+dx” —Sin[% <c+dx)]

Cos[i (c+dx)} +Sin|

N |

2

1 1 1 o1 8
[d Cos[~ (c+dx)|-Sin[= (c+dx)] Cos[~ (c+dx)|+Sin[= (c+dx) ] ]
2 2 2 2
17 Sin[c +dx] (aJraSin[Cerx])4 (a+aSin[c+dx])4Sin[3 (c+dx”

+

d (Cos[2 (cvdx)]+sin[2 (crdx]])" 3d(cos[L (crdx)]+sin[L (cedx)])®
Problem 42: Result more than twice size of optimal antiderivative.
JCot[c+dx}4 (a+asinfc+dx])*dx

Optimal (type 3, 140leaves, 17 steps):
761a4x 2a*ArcTanh[Cos[c+dXx]] 4a*Cos[c+dx]? ) 5a*Cot[c+dx] a*Cot[c+dx]3

+ + - -
8 d 3d d 3d
2a*Cot[c+dx] Csc[c+dx] 19a*Cos[c+dx] Sin[c+dx] a*Cos[c+dx] Sin[c+dx]?
d 8d 4d

Result (type 3, 685 leaves):
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61 (c+dx) (a+aSin[c+dx})4

- +

8d (Cos[2 (crdx)] +sin[L (crdx)])®

Cos[c +dx] (a+aSin[c+dx])4 Cos|[3 (c+dx) | (a+aSin[c+dx])4
N _

d (Cos[i (c+dx) ] +Sin[§ (c+dx)])8 3d (Cos{i (c+dx) ] +Sin[§ (c+dx)])8

7Cot[t (c+dx)| (a+aSin[c+dx])* csc[i(c+dx)]|* (a+asSin[c+dx])*
[2 2

3d (Cos[i (c+dx)] +Sin[i (c+dx)])8 2d (Cos[i (c+dx) ] +Sin[§ (c+dx”)8

Cot{i (c+dx)] Csc[% (c+dx)]? (a+asin(c+dx])*

+

24.d (Cos[i (c+dx)]+sin[> (C*dXH)s

2Log[Cos[§ (c+dx)]] (a+asSin[c+dx])* 2Log[SinE (c+dx)]] (a+asSin[c+dx])*
- +

d (Cos[i (c+dx)] +Sin[§ (c+dx)”8 d (Cos[i (c+dx) ] +Sin[i (c+dx)])8

Sec[i (C+dXH2 (a+asinfc+dx])* 5 (a+aSin[c+dx])*sin[2 (c+dx) ]

- +

2d (Cos[% (c+dx) ] +Sin[% <c+dx)])8 4d (Cos{% (c+dx) ] +Sin{% (c+dx”)8

(a+asinfc+dx])*sin[4 (c+dx)] 7 (a+aSin[c+dx})4Tan[§ (c+dx) ]
+ +

32d (Cos[% (c+dx)] +Sin[% (c+dx)”8 3d (Cos[% (c+dx) ] +Sin[% <c+dx)])8

Sec| (c+dx)]? (a+asinfc+dx])*Tan[ (c+dx)]

24d (Cos[i <c+dx)] +Sin[§ <C+dx>])8

Problem 44: Result more than twice size of optimal antiderivative.

Tan[c +dx]’
J dx

a+aSin[c+dx]

Optimal (type 3, 130leaves, 8steps):
35 ArcTanh[Sin[c+dx]] 35Sec[c+dx] Tan[c+dx] 35Sec[c+dx] Tan[c+dx]3
_ + _

+

128 ad 128 ad 192 ad
7Sec[c+dx] Tan[c+dx]®> Sec[c+dx] Tan[c+dx]’ Tan[c+dx]?
- +
48 ad 8ad 8ad

Result (type 3, 342leaves):
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1
384d (a+aSin[c+dx])

6
(Cos[i (c+dx)] +Sin[§ <c+dx)])6
40 114

(Cos[i (c+dx)] +Sin[§ (c+dx>”4 (Cos[l (c+dx)] +Sin[§ (c+dx>])2

-192 +

+

2

105Log[Cos[1 (c+dx)] 7Sin[1 (c+dx)]] Cos[1 (c+dx)] +Sin[l (c+dx)] ’

2 2 2 2 -
105Log[Cos[§ (c+dx)] +Sin[§ (c+dx)]] Cos[% (c+dx)] +Sin[§ (c+dx) ]| +

4(Cos[§ (c+dx)] +Sin[§ (c+dx)])27 27 (Cos[i <c+dx)] +Sin[i (c+dx)} 2
(Cos{% (c+dx) ] —Sin[% (c+dx)])6 (Cos[% (c+dx) ] —Sin[% (c+dx>])

87(Cos[§(c+dx”+51n (c+dx) )ZJ

+

»—_

(Cos[% (c+dx)] —Sln[2 (C+dx>”2

Problem 45: Result more than twice size of optimal antiderivative.

Tan[c+dx]>
J dx

a+asSin[c+dx]

Optimal (type 3, 106 leaves, 7 steps):
5ArcTanh[Sin[c+dx]] 5Sec[c+dx] Tan[c +dXx]

+

16ad 16ad
5Sec[c+dx] Tan[c+dx]3® Sec[c+dx] Tan[c+dx]®> Tan[c+dx]®
- +
24 ad 6ad 6ad

Result (type 3, 267 leaves):
1

96d (a+aSin[c+dx])

. 4 i 21 i
(Cos{% (c+dx) ] +Sin{% (c+dx”)4 (Cos{% (c+dx) ] +Sin[% (c+dx)})2

30Log[Cos[§(c+dx”—$in[%(c+dx)“ Cos[%(c+dx”+5in[§<c+dx)] 2+

30Log[Cos[§(c+dx)}+sin[§(c+dx)“ Cos[%(c+dx)}+sin[§<c+dx)] 2+

3(Cos[i(c+dx)]+sin[§(c+dx)])2 18(Cos[§(c+dx)]+$1n (c+dx) )2]
(cos[2 (cvdx)] -sin[L (cvdx)])"  [cos[ (crdx)]-sin[L (c+dx)])’
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Problem 46: Result more than twice size of optimal antiderivative.
J Tan[c+dx]3

a+aSin[c+dx]

dx

Optimal (type 3, 82leaves, 6 steps):

3ArcTanh[Sin[c+dXx]] 3Sec[c+dx] Tan[c+dx] Sec[c+dx] Tan[c+dx]3
- +

8ad 8ad 4ad

Result (type 3, 189 leaves):

Tan[c+dx]?
.
4ad

1

(Cos[i (c+dx)] +Sin[§ (c+dx)])2

-4+

+

3Log[Cos[§(c+dx)]—Sin[§(c+dx)H Cos[i(c+dx)]+sin[§(c+dx)] ’
3Log[Cos[§(c+dx)]+Sin[§(c+dx)H Cos[§<c+dx)]+5in{§(c+dx)] 2+
(Cos[i(c+dx)]+sin[i(c+dx )2 .

; (8d (a+asin[c+dx]))
(Cos[%<c+dx)]—sin[%(c+dx)]) /

Problem 47: Result more than twice size of optimal antiderivative.

Tan[c +dXx]
J dx
a+asSin[c+dx]

Optimal (type 3, 37 leaves, 5steps):
ArcTanh[Sin[c+dXx]] 1
+

2ad 2d (a+aSin[c+dx])
Result (type 3, 126 leaves):

[1—Log[Cos[1 (c+dx)]-sin]

5 (c+dx)]] +Log[Cos|

c+dx)] +sin]

N =

<c+dX>H+

o1
(c+dx)] +Sln[; (c+dx)]]

N =
N |

(
(7Log[Cos[§ (c+dx)] 7Sin[§ (c+dx)]] +Log[Cos[§

Sin[c+dx])/ (2ad (1+sSin[c+dx]))

Problem 55: Result more than twice size of optimal antiderivative.
J Tan[c +d x]?

a+aSin[c+dx]

dx

Optimal (type 3, 50leaves, 5steps):
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Sec[c+dx] Sec[c+dx]® Tan[c+dx]3
- +

ad 3ad 3ad

Result (type 3, 106 leaves):

(6-16Cos[c+dx] +2Cos[2 (c+dx)]|+8Sin[c+dx] -5Sin[2 (c+dx>”/

Cos[1 (c+dx)] —Sin[1 (c+dx)]

(12ad
2 2

(Cos[% (c+dx)] +Sin[§ (c+dx)]) (1+sinfc+dx])

Problem 56: Result more than twice size of optimal antiderivative.

1
J dx
a+asSin[c+dx]

Optimal (type 3, 23 leaves, 1 step):

Cos[c+dx]

d(a+asinfc+dx])

Result (type 3, 48 leaves):
2Sin[§ (c+dx)] (Cos[% (c+dx)] +Sin[§ (c+dx>])

d(a+asSin[c+dx])

Problem 57: Result more than twice size of optimal antiderivative.

Cot[c+dx]?
J dx

a+asSin[c+dx]

Optimal (type 3, 29 leaves, 4 steps):
ArcTanh[Cos[c+dx]] Cot[c+dx]
ad ad

Result (type 3, 69leaves):
1

—ZadCsc[i (c+dx)] Sec[% (c+dx)]
Cos[c+dx] + 7Log[Cos[1 (c+dx)]] +Log[sin[l (c+dx)H] sinfc+dx]
2 2

Problem 58: Result more than twice size of optimal antiderivative.

Cot[c+dx]*
J dx

a+aSin[c+dx]

Optimal (type 3, 58 leaves, 5 steps):
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ArcTanh[Cos[c+dx]] Cot[c+dx]3 Cot[c+dx]Csc[c+dx]

+

2ad 3ad 2ad

Result (type 3, 124 leaves):

—([Csc[z(c+dx>]$ec[;<c+dx)](Csc[ 2

N |

(c+dx) | +Sec[§ (c+dx)]

(cOs[3 (c+dx)] +Cos[c+dx] (3-6Sin[c+dx]) +6

Log[Cos[% (c+dx)]]-

]/ (96 ad (1+Sin[c+dx})))

Log[Sin[1 (c+dx)]] Sin[c+dx]3
2

Problem 59: Result more than twice size of optimal antiderivative.

Cot[c+dx]®
J dx

a+aSin[c+dx]

Optimal (type 3, 82leaves, 6 steps):

3ArcTanh[Cos[c+dx]] Cot[c+dx]® 3Cot[c+dx]Csc[c+dx] Cot[c+dx]3Csc[c+dx]
- - +
8ad 5ad 8ad 4ad

Result (type 3, 189leaves):

- Csc[c+dx]® 8@ Cos[c+dx] +40Cos|3 (c+dx” +8Cos |5 (c+dx” -
640 ad
150Log[Cos[1 (c+dx)]]sin[c+dx] +15<>)Log[sin[l (c+dx)]]sin[c+dx]+
2 2
20Sin[2 (c+dx) | +75Log[Cos[1 (c+dx)]]sin[3 (c+dx)] -
2

75Log{$in[§ (c+dx)]]sin[3 (c+dx)]-50Sin[4 (c+dX)] -

15Log[Cos[§ (c+dx)]]sin[5 (c+dx)] +15Log[Sin[§ (c+dx)]]sin[5 (c+dx)]

Problem 60: Result more than twice size of optimal antiderivative.

J Cot[c+dx]8

a+asSin[c+dx]

dx

Optimal (type 3, 106 leaves, 7 steps):
5ArcTanh[Cos[c+dXx]] Cot[c+dx]’ 5Cot[c+dx]Csc[c+dx]

+ —

16ad 7ad 16ad
5Cot[c+dx]3Csc[c+dx] Cot[c+dx]®°Csc[c+dxX]
+
24 ad 6ad

Result (type 3, 284 leaves):
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1
86016ad (1+Sin[c+dx])

. 1 1 2
Csc[c+dx]® |Csc[= (c+dx)] +Sec[= (c+dx) |

1680 Cos [c + d x] + 1088 Cos [3 (c+dx) ] +
2 2

336 Cos [5 (c +dx) ] +48Cos[7 (c+dx)] +3675Log[Cos[§ (c+dx)]]sinfc+dx] -
3675Log[Sin[§ (c+dx)]]sinfc+dx] - 1198 Sin[2 (c+dx)] -

2205 Log[Cos [ (c+dx] || sin(3 (c - dx)] - 2205 Log[sin[ (cdx]]] sin[3 [cdx] ]+
3925104 (¢ + dx) ] + 735 Log[Cos| (¢ +dx) ]| Sin[s (c-dx]] -

735 Log[sin[ ~ (c+dx] ]| sins (e +dx)] -4625in[6 (cdx]] -

105Log[Cos{§ (c+dx)]]sin[7 (c+dx)] +105Log[Sin[§ (c+dx)]]sin[7 (c+dx)]

Problem 63: Result more than twice size of optimal antiderivative.

Tan[c+dx]3
J dx

(a+asin[c+dx])?

Optimal (type 3, 104 leaves, 4 steps):

ArcTanh[Sin[c +d x]] a
_ . _
8a%d 12d (a+asin[c+dx])?
1 1 3

4d (a+asin[c+dx])? +16d (a?-a?sin[c+dx]) ' 16d (a?+a*Sin[c+dx])

Result (type 3, 217 leaves):

2
+

4
-12 + +9

(Cos[% (c+dx) ] +Sin[§ (C+dx>])2

Cos[% (c+dx)] +Sin[§ (c+dx)]

4

6 Log[Cos [ (c+dx)] -sin| > (e dx] ]

Cos[% (c+dx)]+sin[= (c+dX) ]

4
+

N RN R

(c+dx”

! (c+dx)H

<c+dx)] +Sin[;

Cos[% (c+dx)] +sin]

N RN R

6 Log|[Cos |

3 (Cos[i (c+dx) ] +Sin[§ (c+dx)])4

/(48d (a+aSin[c+dx])2)

(Cos[2 (cvdx)]-sin[t (crdx]])’

Problem 64: Result more than twice size of optimal antiderivative.

j Tan[c +dx] dx

(a+aSin[c+dx])2
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Optimal (type 3, 60 leaves, 4 steps):
ArcTanh[Sin[c +d x]] 1 1
+

4a%d 4d (a+asSin[c+dx])? 4d (a2 +a%sin[c+dx])

Result (type 3, 139leaves):

2
+

—({—1+ (Cos{1 (c+dx)] +Sin[% (c+dx) |

2
Log[Cos[%(c+dx>]—Sin[%(c+dx)H Cos[i(c+dx”+sin[§(c+dx)] ‘.
Log[Cos[%(c+dx>]+Sin[%(c+dx)H Cos[i(c+dx”+sin[§(c+dx)] 4]/(4

d (a+aSin[c+dx1)2)}

Problem 65: Result more than twice size of optimal antiderivative.
J Cot[c+dx]

(a+asin[c+dx])?

dx

Optimal (type 3, 52leaves, 3 steps):
Log[Sin[c +d x] ] Log[1l+Sin[c+dx]] 1

.
azd a?d d (a®+a?sinfc+dx])

Result (type 3, 112leaves):
Cos[l(c dx) | Sin[l(c dx) | ’
2 2

(1—2Log[Cos[l (c+dx)] +Sin[l (c+dx)]]+Log[Sin[c+dx]] +
2

N RN

(—2 Log[Cos[% (c+dx)] +sin|

(azd (1+Sin[c+dx}>2)

(c+dx)H +Log[Sin[c+dx]]| Sin[c+dx]

/

Problem 74: Result more than twice size of optimal antiderivative.

Tan[c +dXx]
J( dx

a+asSinfc+dx])’

Optimal (type 3, 82leaves, 4 steps):
ArcTanh[Sin[c +d x]] 1

8a’d 6d(a+aSin[c+dx])3
1 1

8ad (a+asSin[c+dx])? 8d (a®+a*Sin[c+dx])

Result (type 3, 167 leaves):
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2
-3

Cos[1 (c+dx)] +Sin[l (c+dx)] )

cOs[l(c+dx)]+Sin[l(C+dXH 5 2

2 2

P-s

6
+

1/

(crdx)] -sin[> (c+dx)]]

3 Log|[Cos | A (c+dx)]+sin{l(c+dx”

Cos
[ 2

3 Log[Cos|[ = (c+dx)] +Sin[§ (c+dx)]] (c+dx) | +Sin[l (c+dx)]

2

1
2
1 Cos|
2

(24d (a+aSin[c+dx])3)

Problem 76: Result more than twice size of optimal antiderivative.

dx
3

J Cot[c+dx]3
(

a+asSin[c+dx])

Optimal (type 3, 86 leaves, 3 steps):
3Csc[c+dx] Csc[c+dx]? 5Llog[Sin[c+dx]]
+

a*d 2a3d a’d
S5Log[l+Sin[c+dx]] 2
+

ald d(a®+a®sin[c+dx])

Result (type 3, 226 leaves):

1 1 1 4
(Cos[f (c+dx)] +Sin[ = (c+dx>])
8a’d (1+Sin[c+dx])’ 2 2

2 2

1+ Cot]|

(c+dx)] Cos|

[16

+12Cot[1 (c+dx)]
2

N |

(c+dx)] +Sin[% (c+dx)]

1
2
2
1 Cos[l<c+dx)]+sin[£(c+dx)} +
2 2
2
.

(cedx)]+sin[> (crdx)]]

80 Log | Cos |
2 2

1
(c+dx) | +Sln[; (c+dx)]

40 Log[Sin[c+dx]] |Cos|

2

12 Tan|

N R NIR

Cos{% (c+dx)]+sin[= (c+dx)]

N | =

(c+dx)] - [1+Tan[§ (c+dx)]

]

Problem 77: Result more than twice size of optimal antiderivative.

Cot[c+dx]>
J dx

(a+asin[c+dx])?

Optimal (type 3, 96 leaves, 3 steps):

4Csc[c+dx] 2Csc[c+dx]? Csc[c+dx]?3
_ . _
a’d a*d a’d
Csc[c+dx]* 4Llog[Sin[c+dx]] 4Log[l+Sin[c+dx]]
+ _
4a3d a’d atd

Result (type 3, 558 leaves):
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9Cot[i (c+dx) ] (Cos[i (c+dx) ] +Sin[§ (c+dx>])6

4d<a+aSin[c+dx}>3 i

17Csc[i (c+dx)]2 (Cos[i (c+dx)] +Sin[i (c+dx)])6

+

32d (a+asSin[c+dx])>

Cos[% (c+dx)] +Sin[% (c+dx)]

(Cot[i (c+dx)]C5c[§ (CerxH2

. ; Csc[i(c+dx”4 Cos[%(c+dx>]+sin[i(c+dx)}
(Sd(a+351n[C+dX]) )7 64(d (a+aSin[c+dx1>3 ) 7

4Log[Sin[c+dx]] [Cos[L (c+dx)]+sin[L (c+dx)])®
(d(a+aSin[c+dx])3)+ ( [2( )] [2( H) )
d(a+asSinfc+dx])?

6

Cos{% (c+dx)] +Sin[§ (c+dx)]

8Log[Cos[§ (c+dx) ] +Sin[§ (c+dx)]]

17Sec[i (c+dx)]2 (Cos[i (c+dx)] +Sin[§ (c+dx)])6

32d (a+aSin[c+dx])>

Sec[% (c+dx”4 (Cos{% (c+dx) ] +Sin[§ (c+dx”)6

N
64d (a+asin[c+dx])?

9 (Cos[i (c+dx)] +Sin[§ (c+dx)])6Tan[i (c+dx)]

+

4d (a+asin(c+dx])’

Sec[% (c+dx)]2 (Cos[% (c+dx)] +Sin[§ (c+dx)] 6Tan[i (c+dx)]

/

(Sd (a+aSin[c+dx])3)

Problem 85: Result more than twice size of optimal antiderivative.

Cot[c+dx]3
J( dx

a+asSinfc+dx])*

Optimal (type 3, 106 leaves, 3 steps):
4Csc[c+dx] Csc[c+dx]? 9Llog[Sin[c+dx]]
- +
a*d 2a%d a*d
9Log[1l+Sin[c+dx]] 1 5
+

atd d(a2+aZSin[c+dx}>2+d(a4+a4Sin[c+dx])

Result (type 3, 275leaves):
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4

1 1 1
(Cos[— (c+dx)] +Sin| = (c+dx>]
8a*d (1+Sin[c+dx])* 2 2

4 2

Cos{l (c+dx)] +Sin[l (c+dx)]| +

1 2
Sin| — d 40
in| (c+ x)] + A A

{8—[1+Cot{l(c+dx)] A

2

a4

Cos[l (c+dx)] +Sin[1 (c+dx)]

16Cot[1 (c+dx)]
2 2

2

Cos[l (c+dx)] +Sin[1 (c+dx)] 4+

144Log[Cos[§(c+dx”+51”[l<c+dx)H ) 2

2

4
+

72 Log[Sin[c+dx]] [Cos|[ = (c+dx)] +Sin[l (c+dx)]

2

|

Problem 88: Result more than twice size of optimal antiderivative.

Tan[1 (c+dx)] -

16 Cos[l (c+dx” +Sin|
2

1
2
1
— d

A 2(c+ x)]

Cos[% (c+dx)]2 (1+Tan[§ (c+dx)]

dx

j Cot[c+dx]?
(

a+asSinfc+dx])*

Optimal (type 3, 108 leaves, 14 steps):

4 ArcTanh[Cos[c+dx]] Cot[c+dx] 2Cot[c+dx]
- - +
a*d atd 5a4d(1+Csc[c+dx])3
31Cot[c+dx] 104 Cot[c +d X]

15 a* d <1+Csc[c+dx])2_15a4d (1+Csclc+dx])

Result (type 3, 315leaves):

1 3

! in[ X c+dx
3ed (a+asin[c+dx])* Cos{;(c+dx”+51n[2< dx)]
[24Sin[i(c+dx”12 Cos[%(c+dx)]+sin[§(c+dx>])+76$in[§(c+dx”

3

(Cos[% (c+dx)] +Sin[§ (c+dx”)2—38 Cos[% (c+dx)] +Sin[§ (c+dx)]| +

3165in[§ (c+dx” (Cos[i (c+dx)] +Sin[§ (c+dx” 47

5
+

15Cot[§ (c+dx) | Cos{i (c+dx)]+sin[= (c+dx)]

1
2
Cos[% (c+dx)] +Sin[§ (c+dx)]

120Log[Cos[§ (crdx)]]

5
+

120Log[Sin[§ (c+dx)]]

Cos[% (c+dx)] +Sin[§ (c+dx)]

5Tan[l (c+dx)]

15 Cos[i(c+dx”+sin[l(C+dx>] N

2 2
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Problem 89: Result more than twice size of optimal antiderivative.

J Cot[c+dx]*

(a+asSinfc+dx])*

dx

Optimal (type 3, 120leaves, 14 steps):
14 ArcTanh[Cos[c+dx]] 9Cot[c+dx] Cot[c+dx]3

+

a*d a*d 3a%d
2Cot[c+dx] Csc[c+dx] 4 Cot[c+dx] 44 Cot[c +d x]
n _
a*d 3a%d (1+Csclc+dx])? 3a*d (1+Csclc+dx])

Result (type 3, 589 leaves):

SSin[i <c+dx)] (Cos[i (c+dx)] +Sin[§ (c+dx>])5 4(Cos[i (c+dx)] +Sin[§ <c+dx)])6

- +
4 4

3d (a+aSin[c+dx]) 3d (a+aSin[c+dx])

8esin[% (c+dx) ] (Cos[% (c+dx)] +Sin[§ (c+dx)])7

3d (a+asSinfc+dx])*

13¢ot[X (c+dx)] (Cos[2 (c+dx]]+sin[L (c+dx)]|’

+

3d (a+aSinfc+dx])*

Csc[i (c+dx”2 (Cos[% (c+dx)] +Sin[i (c+dx)”8

2d (a+asinfc+dx])*

Cos[l (c+dx)] +Sin[1 (c+dx)]

cOt[l(c+dx)]Csc[l(C+dx)}2 5 ,

2 2

1/

14Log[Cos[i (c+dx)]] (Cos[i (c+dx) ] +Sln[ (c+dx”>

8

(z4d(a+asin[C+dX}>4)+ d(a+asinfc+dx])
+ +

14Log[Sin[i (c+dx)]] (Cos[i (c+dx)] +51n[ (Cerx)”8 7
d (a+aSin[c+dx])4

Sec[% (c+dx”2 (Cos[% (c+dx) ] +Sin[§ (c+dx)”8

+

2d (a+asSinfc+dx])*

13 (Cos[i (c+dx)] +Sin[i (c+dx”)8Tan[i (c+dx”

+

3d (a+asSinfc+dx])*

1 2 1 1 8 1
Sec[g(c+dx)] (Cos[g(c+dx)]+51n[;(c+dx>] Tan[;(c+dx>]
(24d (a+aSin[c+dx}>4)

/
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Problem 90: Result more than twice size of optimal antiderivative.

Cot[c+dx]®
J( dx

a+aSin[c+dx])4

Optimal (type 3, 133 leaves, 16 steps):
27 ArcTanh[Cos[c+dx]] 16Cot[c+dx] 3Cot[c+dx]3 Cot[c+dx]®

+

2a%*d a*d a*d 5a%*d
11Cot[c+dx] Csc[c+dx] Cot[c+dx]Csc[c+dx]3 8 Cot[c+dx]
i _
2a*d a*d a*d (1+Csclc+dx])

Result (type 3, 733 leaves):
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1651n[% (c+dx) (Cos{i (c+dx) ] +Sin[§ (c+dx)])7

]
d(a+asinfc+dx])*

33Cot[i (c+dx)] (Cos[i (c+dx)] +Sin[§ (c+dx)])8

+

5d (a+aSinfc+dx])*

11Csc[i (c+dx)]2 (Cos[i (c+dx)] +Sin[§ (c+dx)])8

8d (a+asSin[c+dx])*
1

evax)]” [cos 3 (e 0] wsinl e 0x ][]/

Csc[l (c+dx)]*(cos[L (c+dx)] +sin[L (c+dx
(160d(a+asin[c+dX])4)+ [2( }16((1 (aEZaiin[cjiX”A[Z( >” _
8]/

(169d (a+asin[C+dX]>4) . 27L08[C05[§ (CerX)}] (Cos[i (CerX)] +Sln[§ <C+dx>])8 .
2d (a+asSinfc+dx])*

l<c+dx)]Csc[1

(53 Cot| =
2 2

8

Cos[l (c+dx” +Sin[1 <c+dx)]

(cot[l(c+dx)]CSC[l(C+dX)}4 g ,

2 2

27Log[SinE (c+dx)]] (Cos[% (c+dx)] +Sin[% (c+dx>”8

2d (a+asSin[c+dx])*

llsec[i (c+dx)]2 (Cos[i (c+dx” +Sin[i <c+dx)])8

8d (a+aSin[c+dx])* )

Sec[% (c:+dx”4 (Cos{% (c+dx) ] +Sin[i (c+dx”)8

N
16d (a+asin[c+dx])*

33 (Cos[% (c+dx)] +Sin[§ (c+dx”)8Tan[§ (c+dx)]

.
5d (a+aSinfc+dx])*

8

Tan| (c+dx”

/

(SBSec[i <c+dx)]2 Cos[% <c+dx)] +Sin[§ (c+dx”

(160d (a+aSin[c+dx])4) +

N |

8Tan[1 (c+dx>]

(Sec[l(c+dx)]4 Cos[l(c+dx)]+sin[1(c+dx>] A

2 2 2
(160d (a+aSin[c+dx])4)

/

Problem 91: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J\/a+aSin[e+-Fx] Tan[e + f x]*dx

Optimal (type 3, 162 leaves, 15steps):
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11\/?Ar‘cTanh[ a_Cos [e+f x]

8V2 f _
27 Sec[e + fx] Ja (1+sinfe+fx]) Sec[e+fx]3\/a (1+sinfe+fx])
8f ) 12f :

29+/a+aSin[e+fx] Tan[e + fx] 5\/3 (1+sinfe+fx]) Tan[e+fx]3
+
12 f 12 f

Result (type 3, 394 leaves):
1

24 f (Cos[% (e+fx)] +Si”[i (e’ffx)])g

GSin[‘cz—X] 3(Cos[§]fsin[§]) (Cos[i(e+fx”+sin[i(e+Fx)” .
_ +(33+331)
Cos[§]+sin[§} Cos{§]+sin[§]
(—1)3/4Ar‘cTanh[[§+i—) (—1)3/4Sec[%] Cos[4l(2e+fx>]—sin{i(2e+fx” ]
(Cos[%(e+fx)]+sin[§(e+fx)} ‘.
48Cos[f7x] (Cos[g}—sin[g]) Cos[%(e+fx”+sin[§(e+fx)] 2+
1 2

+

48 (Cos[g] +Sin[3]] Sin[f_x]

A A A Cos[l(e+fx”+Sin[—(e+fx)]

2 2
2

4 (Cos[i (e+fx)] +Sin[i (e+-Fx)])

(Cos[% (e+Fx)] —Sin[% (e+fx>])3

36 (Cos[i (e+fx)] +Sin[§ (e+fx>])2

Cos[i (e+Fx)] 7Sin[§ (e+Fx)]

]\/a (1+sinfe+fx])

Problem 92: Result unnecessarily involves imaginary or complex numbers.

J\/a+asin[e+fx] Tan[e + f x]2 dx

Optimal (type 3, 101 leaves, 4 steps):

\/?Ar‘cTanh[ 3 Cos.e fx.

A2 \/a+aSin[e+fx] ]
+

V2 f
5Secle+fx]VJarasin[e+fx] 2Sec[e+fx] (a+aSin[e+fx])>?
f af

Result (type 3, 114 leaves):



20 | Mathematica 11.3 Integration Test Results for 4.1.1.3 (g tan)”p (a+b sin)~m.nb

1
—Sec[e + fx]
.F

(3+ (1-1) (‘1)1/4Ar~cTanh[[§+i—) (—1)3/4Sec[1‘i7X

]

-2Sin[e + fx]

4 4

Cos[1 (e+fx)] —Sin[% (e+fx)]

Ja(1+Sinfe+fx])
2

Problem 93: Result more than twice size of optimal antiderivative.

JCot[e+fx}2\/a+aSin[e+-Fx] dx

Optimal (type 3, 89leaves, 4 steps):

+a ArcTanh[wa Cos[erfx
[a+asin esfx] 3acCos[e+fx] Cot[e+fx]Va+aSin[e+fx]
+

f f+/a+asSin[e+fx] f

Result (type 3, 206 leaves):

1 3
[Csc A (e+Fx) \/a 1+Sinfe+fx]) —4Cos[;(e+fx>]+2Cos[;(e+-FxH+
4Sin[§(e+-Fx>]—Log[1+Cos[§<e+-Fx)]—Sin[%(e+-Fx)HSin[e+-Fx]+
Log[lfCos[g(eJr-Fx)]JrSin[%(e+-Fx>HSin[e+-Fx]+ZSin[§(e+fx>]))/
(f [1+Cot[§(e+1‘x” Csc[i(e+fx>]—Sec[i(e+~Fx)]

(Csc[i (e+fx)] +Sec[41 (e+fx)]

Problem 95: Result unnecessarily involves imaginary or complex numbers.

J(a+a$in[e+1:x])3/2Tan[e+fx14dlx

Optimal (type 3, 167 leaves, 14 steps):

a3/2 Ar‘cTanh[ a Cos[e+fx]
V2 +Ja+asin[e+fx] 2a3Cos[e+fx]3 4 3%Cos[e+fx]
_ N _ _
22 f 3f (a+asSinfe+fx])*? f+/arasSin(e+fx]
7aSecle+fx]Va+asin[e+fx] Secle+fx]® (a+aSinfe+fx])>?
+
2f 3f

Result (type 3, 141 leaves):

Cos[1 (2e+fx)] —Sin[1 (2e+fx)]|]
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1
—aSec[e+fx]3

1 1
Cos[= (e+f si f
6f os | (e+ x>]+ in|[ = (e+fx)

2 2

\/a 1+Sin[e+fx])

(—45+6Cos[2 (e+fx)]+(3+31) (—1)3/4Ar‘cTanh[[i i) (-1)** [—1+Tan[i<e+fx)] ]

Cos| +54Sinfe+fx] +Sin[3 (e+fx) |

N |

(e+fx)} - Sin| (e+-Fx)]

N |

Problem 103: Result unnecessarily involves imaginary or complex numbers.

Tan[e + f x]*
J dx

va+aSin[e + fx]

Optimal (type 3, 150leaves, 17 steps):

67 ArcTanh [ —2Coslesfx] )
V2 Jarasin(e:fx] Sec[e+fx] (53+127Sinf[e+fXx])
- - +
642 Ja f 192 f+/a+aSin[e + fx]
aSin[e+fx] Tan[e + f x] Tan[e + fx]3

N
24 (a+aSin[e+-Fx])3/2 3f+a+asSin[e+fx]

Result (type 3, 118leaves):

[(804+804 i) (-1)%*

Cos[i (e+fx)] +Sin[§ (e+fx)]

]

Sec[e+fx]> (90 +122Cos|2 (e+-FxH 41sinfe+fx] +183Sin|[3 (e+fx)}))/

Ar‘cTanh[(1+—] 3/4[ 1+Tan| e+fx”
2

(768-F\/a (1+Sinfe+fx]) )

Problem 104: Result unnecessarily involves imaginary or complex numbers.

dx

J Tan[e + f x]?
va+aSinfe + f x]

Optimal (type 3, 107 leaves, 4 steps):

5 ArcTanh| atase [x
2 [arasin[e-fx] Sec[e + f x] 3Secle+fx] Va+asSin[e + fx]
- +
4+/2 \Ja f 2f+/a+asSin[e+fx] 4af

Result (type 3, 118leaves):
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( Sec[e + f x] (1+ (5+51) (—1)3/4ArcTanh[(§+§] (-1)%* (—1+Tan[41 (e+Fx)]|]
Cos[%(e+fx)}fsin[§(e+fx)] Cos[%(e+fx)}+$in[§<e+fx)] 2

3Sin[e+fXx]

)/ (4-F\/a (1+Sinfe+fx]) ))

Problem 105: Result more than twice size of optimal antiderivative.
J Cot[e+fx]?

va+aSin[e + fx]

dx

Optimal (type 3, 62leaves, 4 steps):

ArcTanh[ va Cosfe+fx
a+aSinfe+fx] Cot[e+ fx]

Va f f+/a+aSin[e+ fx]

Result (type 3, 138 leaves):

[Csc[i (e+fx) | Sec[i (e+fx) | [—ZCOS[% (e+fx)] +2$in[% (e+fx) ]+
(Log[1+Cos[% (e+fx) —Sin[% (e+fx)]] —Log[l—Cos[% (e+fx)] +Sin[% (e+fx)]]

Sin[e+Fx}) [1+Tan{

]
1
; (e+-FxH

]/ (S-F\/a (1+sinfe+fx]) )

Problem 106: Result more than twice size of optimal antiderivative.

J Cot[e+fx]*
va+aSinfe + fx]

dx

Optimal (type 3, 135leaves, 11 steps):

7Ar‘c:Tanh[JL[—La Cos [e+f x

a+aSin[e+f x] 9 Cot[e +fX]
- + +

8+a f 8f+a+aSin[e+ fx]
Cot[e+fx] Cscle+fx] Cot[e+fx]Csc[e+Ffx]?

12 f+/a+aSin[e+ fx] 3f+/a+asSin[e+fx]

Result (type 3, 292 leaves):
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1

24 (Csc[i (e+-FxH2—Sec[i (e+fx)}2)3\/a (1+sinfe+fx])

Csc[% (e+fx”9 Cos[% (e+fx)] +Sin[§ (e+fx)]

(36Cos[§ (e+fx)] 746Cos[§ (e+fx)] 754Cos[§ (e+fx)]-

3ssin[l (e+fx)] -63Log[1+Cos[1 (e+fx)] -Sin[1 (e+fx)]]sinfe+fx]+
2 2 2

63Log[1—Cos[l (e+fx)] +Sin[1 (e+fx)]]sinfe+fx] —46Sin[z (e+fx)]+
2 2

54Sin[ = (e+fx)] +21Log[1+Cos|[~ (e+fx)]|-Sin[~ (e+Fx)]|]|Sin[3 (e+Fx)] -

N |
N |

N

21Llog[1-Cos|[~ (e+fx)] +Sin[= (e+fx)]]Sin[3 (e+Fx) |

N |-
N |

Problem 107: Result unnecessarily involves imaginary or complex numbers.

Tan[e + fx]*
J( dx

a+aSinfe+fx])>?

Optimal (type 3, 177 leaves, 20 steps):

7 ArcTanh | 3 Cos[e+fx]
V2 \[arasinfesfx] 7 Cos[e + fx]
256+/2 a¥/? f +256-F(a+aSin[e+Fx])3/2_
Sec[e +f x] (65+87Sin[e+fx]) aSin[e+fx] Tan[e + f x] Tan[e+ fx]3
192 f (a+asSinfe+fx])>? : 12f (a+asSinfe+fx])°>? ' 3f (a+aSinfe+fx])*?

Result (type 3, 334 leaves):

1 64Sin[§(e+fx)]

124 + S
(Cos[i (e+fx)] +Sin[§ (e+Fx)])

768 f (a (1+Sinfe+fx]))>"?

32 248sin[ 2 (e+fx)]

+

(Cos[% (e+fx)] +Sin[% (e+fx)”2 7 COS{% (e+fx)] +Sin[% (e+fx)]

Cos[1 (e+fx)] +Sin[l (e+fx)]

34251n[l (e+fx)]
2 2

2

’ - (21+214) (-1)%*

}

32(Cos[ (e+fx”+$1n[l(e+fx})3 192(Cos[ (e+fx)]+51n[ (e+fx>”3

171 Cos[1 (e+fx)] +Sln[1 (e+fx)]

2

3
+

1
Ar‘cTanh[(7+f 3/4(

+Tan = e+-FxH

4 (e+-Fx)]

Cos[% (e+Fx)]+sin]

N |

(Cos[i(ewa)]fSln (e+fx) ) Cos[ (e+FxH—Sln[ (e+-Fx)]
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Problem 108: Result unnecessarily involves imaginary or complex numbers.
J Tan[e + f x]?

(a+asinfe+fx])>?

Optimal (type 3, 134 leaves, 5steps):

Ar'cTanh[ a Cos[e+fx]
\/2 \/a+aSin[e+fx] Cos[e+ fX]
" _
324/2 a¥2f 32f (a+asSinfe+fx])*?
Sec[e + f x] 5Sec[e + f x]

+

4-F(a+a$in[e+-Fx})3/2 8af-/a+aSin[e+ fx]

Result (type 3, 128 leaves):

|

Sec[e + fX]

%+§] (L1 [_1+Tan[i (e+fx)})]

(—ZS—COS[Z (e+fx)]+(2+21) (-1)>*ArcTanh]

Cos[% (e+fx)] —Sin[% (e+fx)]

Cos[i (e+fx)] +Sin[§ (e+fx)]

40 Sinfe + f x]

/(64{ (a (1+Sin[e+fx]>>3/z))

Problem 109: Result unnecessarily involves imaginary or complex numbers.
J Cot[e +f x]?
(

a+aSinfe+fx])

3/2

Optimal (type 3, 113 leaves, 6 steps):
3 ArcTanh| M] 2+/2 ArcTanh| a Cosle+fx]

a+asinfe«f x] V2 \[arasinferfx] Cot[e+ fx]

33/2'F a3/2.F

af+a+asSin[e+fx]

Result (type 3, 206 leaves):
1

4f (a(1+Sinfe+fx]))>?

3

Cos|

(e+-Fx)] +Sin| (e+-Fx>]

N |
N |

P

~1)** [-1+Tan[~ (e+fx)]

] -
(e+fx)]] -

1
(e+fx)]] +Sec[; (e+fx)]+

(16 +16 1) (—1)3/4Ar‘cTanh[(l+ E]
2 2

Cot[i (e+fx)]+2 (3Log[1+Cos{

N |

(e+fx)]-sin]

NP N |

3 Log|[1-Cos|

N |

(e+-FxH +Sin|

N =

Cscle+fx] Sin| (e+-Fx)]2—Csc[e+-Fx}Sin[ (e+fx)]sin[= (e+fx)]

|

N
AR
»jw
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Problem 110: Result more than twice size of optimal antiderivative.
J Cot[e+ fx]*4

(a+asinfe+fx])>?

Optimal (type 3, 144 leaves, 10 steps):
Ar‘cTanh[ /a Cosfe+fx

/a+aSin[e+f x] Cot[e + fx]
- - +
8a¥2f 8af+a+aSinfe+fx]

11 Cot[e+fx] Csc[e+fx] Cot[e+fx]Cscle+fx]2+/a+aSin[e+fx]

12af+a+aSin[e+fx] 3a’f
Result (type 3, 294 leaves):
1

24 F (Csc[i (e+-FxH2—Sec[i (e+-FxH2>3 (a(1+sinfe+fx]))*?

3

Csc| (e+-FxH9 Cos| (e+fx)}+sin[§(e+1=x)]

N |
N |

[—132Cos[§ (e+fx)] +62Cos[§ (e+fx)] +6Cos[z (e+fx)]+

132 Sin 1 e+fx)|-9Log|l+Cos 1 e+fx)|-Sin 1 e+fx Sin[e+fx] +
2 2 2

9L0g[1—Cos[§ (e+fx) | +Sin[§ (e+fx)]]sinfe+fx] +62$in[§ (e+fx)] -
6Sin[§ (e+fx)] +3Log[1+Cos[§ (e+fx)] 7Sin[% (e+fx)]]sin[3 (e+fx)] -
3Log[17Cos[; (e+fx)] +Sin[§ (e+fx)]]sin[3 (e+fx)]

Problem 111: Result unnecessarily involves imaginary or complex numbers.

dx
5/2

J Tan[e + fx]*
(a+asinfe+fx])
Optimal (type 3, 207 leaves, 23 steps):

317 ArcTanh | a_Cos[e+fx]

N2 +/a+asin[e+fx] 317 Cos[e + f x]
+

4096 /2 a%/2 f 3072 (a+aSin[e+fx])*?

Sec[e+fx] (115+129Sin[e+fx]) 317 Cos[e + f X]
+ +

384 f (a+aSin[e+-Fx])5/2 4096 a f (a+aSin[e+-Fx})3/2

5aSin[e+fx] Tan[e + fx] Tan[e + fx]3
+

48f (a+asSinfe+fx])’? 3f (a+aSinfe+fx])>?

Result (type 3, 394 leaves):
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1

12288 f (a (1+Sin[e+fx]))°?

tn. 7685in[ > e+ fx)] ) 384
(Cos[% (e+Fx)] +Sin[% (e+-FxH)3 (Cos[% (e+Fx)] +Sin[% (e+fx)”2

2624Sin[ > (e+fx) |

.ol
Cos[2 (e« fx)]+sin[2 (e+fx)] +258451n[g (e+x)]
COS[i (e+fx)] +Sin[§ e+ £x)] 2+

-1292

Cos[% (e+fx)] +Sin[§ (e+fx)]

(e+fx)]

N |

40251n[§ (e+fx) | Cos[% (e+fx)]+sin]

Cos[% (e+Fx)] +Sin[§ (e+fx)] L (951 +9514) (-1)%*
Ar‘cTanh{(§+i—] (-1)%* (—1+Tan{% (e+Fx)]|]

256 (Cos[2 (e+Fx)] +sin[L (e+fx]])° 1152 (Cos[ (e+Fx)] +Sin[2 (e+fx)])5]

201

Cos{% (e+fx)] +Sin[§ (e+fx)] 5+

2

(Cos[i (e+fx)]-sin[> (e+fx)])3 Cos[ (e+fx)]-sin[> (e+fx)]

Problem 112: Result unnecessarily involves imaginary or complex numbers.

J Tan[e + fx]?
(

a+aSinfe+fx])>?

Optimal (type 3, 167 leaves, 6 steps):

11 ArcTanh]| a Coslefxl |
\[2 \/a+aSin[e+fx] Sec[e + fx]
128+/2 a%/2f 6f (a+asSinfe+fx])>?
11 Cos[e + f X] 17 Sec[e + f X] 11 Sec[e + f x]
+

N
128af (a+aSin[e+Fx])3/2 48 a f <a+aSin[e+1cx])3/2 96 a2f+/a+asSin[e+fx]

Result (type 3, 284 leaves):
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64Sin[i <e+-Fx)]
-32+ _
Cos[% (e+Fx)] +Sin[§ (e+Fx)]

1

384 (a (1+Sin[e+1‘:x]))5/2

+

Cos[1 (e+fx)] JrSin[1 (e+fx)]

1<a4sin[l (e+fx)]
2 2

2

2 1
52 -30sin[ =~ (e+fXx) |

Cos[l<e+fx)]+sin[l(e+Fx” A

2 2

3
+15

4
+

Cos[% (e+fx)] +Sin[% (e+fx)]

Cos[% (e+fx)] +Sin[% (e+fx)]

]

s 48 (Cos[i (e+fx)] +Sin[§ (e+fx)])5}

(33+331) (—1)3/4ArcTanh[(§+ %] (-1)%* (—1+Tan[i (e+Fx)]

Cos[~ (e+fx)]|+Sin[= (e+Fx)]

+

N |

N |

Cos[% (e+Fx)] —Sin[i (e+Fx)]

Problem 113: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cot[e+fx]?
J dx
(a+asinfe+fx])>?

Optimal (type 3, 141 leaves, 7 steps):

5 ArcTanh [ M] 7 ArcTanh [ v/a Cos[e+fx]

+/a+asSin[e+fx] \/2 \/a+aSin[e+fx]
a%/2 £ \/TaS/Z.F
2Cos[e+ fX] Cot[e + fx]

% af(a+asinfe+fx])*?

af (a+asSinfe+fx])

Result (type 3, 451 leaves):
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1 3

Cos[i (e+fx)] +Sin[§ (e+fx)]

4f (a(1+Sinfe+fx]))°>?

1
(e+fx)] +Sln[; (e+fx)]

+

SSin[i (e+fx)] -4 (Cos[

N |

2 Cos[i(e+fx)]+$in[§(e+fx)] 2+(28+281’L) (-1)%*
Ar‘cTanh[[iJri—) (—1)3/4 [—1+Tan[i<e+fx)] ] Cos[%<e+fx)]+Sin[§(e+FxH 2—
Cot[i(eﬂcx)] Cos[%(e+fx)]+$in[%(e+1‘:x)] 2+

2

10 Log[1 + Cos | (e+fx” —Sin[% (e+-Fx)H

Cos[% (e+fx)] +Sin[% (e+Fx)]

[ R

2
+

10Log[1—Cos[; (e+Fx)] +Sin[l (e+Fx)]]

A Cos[l(e+fx)}+sin[l<e+fx)]

2 2
ZSin[j—L (e+Fx)] (Cos[i (e+Fx)] +Sin[§ (e+1¢x>”2

Cos|

(e+fx)]-sin[ (e+fx)]

1
4

ZSin[i (e+fx)] (Cos[i (e+fx)] +Sin[% (e+fx)”2

1
4

Cos[i (e+fx)] +Sin[i (e+fx)]

Cos[% (e+fx)] +Sin[§ (e+fx)] 2Tan[i (e+fx)]

Problem 114: Result unnecessarily involves imaginary or complex numbers.

Cot[e+fx]*
J dx
(a+asinfe+fx])>?

Optimal (type 3, 191 leaves, 16 steps):
45 Ar\cTanh[M} 4\/?Ar‘CTanh{ a Cosl[e+fx]

\/a+asSin[e+fx] A2 \/a+aSin[e+fx]
8a5/2.F - aS/Z.F N
19 Cot[e + f x] 13 Cot[e+fx] Csc[e+fx] Cot[e+fx]Csc[e+fx]?
. _
8a2f+/a+aSin[e+fx] 12a2f+/a+asSinfe + f x] 3a2f+a+asSinfe + fx]

Result (type 3, 332leaves):
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1 5

Cos[i (e+fx)] +Sin[§ (e+fx)]

192 (a (1+Sinfe+fx]))>"?

] _

(1536 + 1536 1 ) (—1)3/4ArcTanh[(§+ %) (-1)%* {—1+Tan[4l (e+Fx)]

1

(Csc[i (e+FxH2—Sec[i (e+-FxH2)3

8Csc[§ (e+-FxH9 [396Cos[§ (e+fx)] —218Cos[§ (e+fx)] —114Cos[§ (e+fx)] -

39651n[l (e+fx)] —405Log[1+Cos[l (e+fx)] —Sin[l (e+fx)]]sinfe+fx]+
2 2 2

405Log[1—Cos[§ (e+fx)] +Sin[§ (e+-Fx)H Sin[e + f x] —218Sin[§ (e+-FxH +
114Sin[§ (e+Fx)] +135Log[1+Cos[§ (e+fx)] 7Sin[§ (e+fx)]]sin[3 (e+fx)] -

2

|

Problem 115: Result unnecessarily involves higher level functions.

135Log[1—Cos[§ (e+fx)] +Sin[1 (e+fx)]]sin[3 (e+fx)]

J(a+a$in[e+1°x])1/3Tan[e+fx}4d1x

Optimal (type 4, 982 leaves, 10 steps):
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361 Sec[e + f x] (a+aSin[e+-Fx})1/3 361Sec[e+fx] (1-Sin[e+fx]) (a+aSin[e+-Fx])1/3
_ . _

126 63 f
Sec[e+fx] (65a%-142a?Sin[e+fx])

.
42f (a-asSinfe+fx]) (a+aSin[e+~Fx])2/3

361 (1+\/?) Sec(e+fx] (1-Sin[e+fx]) (a+aSinfe+fx])??

63 f (21/3a1/3— (1+\E) (a+asin[e+fx])1/3)

21/3a1/3—(1—\/?) (a+aSin[e+1:x1)1/3 1
361 2V E1lipticE [ArcCos | s~ (2+43)]
21/3a1/37(1+\/?) (a+asinfe+fx])¥? 4
Secle + f x] (a+aSin[e+Fx])2/3 (21/3a1/3— (a+aSin[e+-Fx])1/3)
\/((22/3a2/3+21/3a1/3 (a+aSin[e+fx])1/3+(a+aSin[e+fx])2/3)/
(21/3a1/3— (1+\/?) (a+aSin[e+fx])1/3)2)]/
(a+asinfe+fx])'? (21/3a1/3—(a+aSin[e+fx])1/3)
21 33/4a2/3.F _ _
(21/3a1/3— (1+\/?) (a+aSin[e+1‘x])1/3)2
21/3a1/3—(1—\/?) (a+asinfe+fx])¥? 4
361 (1-/3 | EllipticF[ArcCos I, = (2+v3)]

21/331/3,(1+\/?) (a+aSin[e+fXJ)1/3 4
Sec[e + f x] (a+asin[e+'FX])2/3 (21/331/3_ (a+aSin[e+‘FXJ)1/3)

\/((22/3a2/3+21/3a1/3 (a+aSin[e+-Fx])1/3+ (a+aSin[e+fx])2/3)/

(21/3a1/3— (1+\/?) (a+aSin[e+-Fx])1/3)z)J/

(a+aSin[e+fx])1/3 (21/3a1/3— (a+aSin[e+fx])1/3)
63 22/3 31/4 a2/3 f _ .
(21/3a1/3— (1+\/?) (a+aSin[e+1Cx])1/3)2

3a2sSin[e+fx] Tan[e + f x]

2f (a-aSinfe+fx]) (a+aSinfe+fx])??

3a2Sin[e+fx]?Tan[e+fx]

f(a-asinfe+fx]) (a+aSin[e+fx])??

Result (type 5, 593 leaves):
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%(a (1+Sin[e+fx}>)1/3

+

361 86 . 1 3 .
(———Sec[eﬂcx] (-1+2sinfe+fx]) + —Sec[e+fx]? (-1+8Sin[e+fx])
63 63 21

= 722~/2 (1+Sinfe+fx])Y® (a (1+Sinfe+fx]))*?
189 f (Cos{% (e+Fx)] +Sin[i (e+1:x)])

i (Li (7e4Fx)) .
4 2 Hyper‘geometr‘lczFl[

+ <e].l (%% (7671:)())]2/3

l, E, _e2t (%%(—e#x))})/ (22/3 (1+e“ (%;(,e,fx))Jz/s)] )
3 3
>

L1 1/3 1
2T 7(764’())) Hypergeometric2F1[ =,

2
3 3

aslee)) /o o
(2 (1+Cos[2[§+%(—e—fx) ] 1/6]]+ 3Cos[§+;(—e—fx)]2
Hypergeometr‘icZFl[%, 2, o Cos[§+£ (-e-fx) | ]Sln[—+; (-e-fx) | /
5(1+Cos[2[§+%(—e_fx> ]Jl/s\/sin[ZJrE(—e—foz

Problem 116: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(a+asin[e+fx])1/3Tan[e+fx]2d1x

Optimal (type 5, 123 leaves, 4 steps):

2

1
=, = (1-sinfe+f 1+Sin[e+f 1/6]
5 2( in[e + x]”( +Sinfe+ x}) /

o | N

1
- ( [5 aCos[e + f x] Hypergeometric2F1 [ -,
2

(3 216 (a+aSin[e+Fx])2/3)J +

7Sec[e+fx] (a+aSin[e+fx])'? 3Secle+fx] (a+aSin[e+fx])*?

f af

Result (type 5, 566 leaves):
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(a <1+Sin[e+fx]))1/3 (-5+Sec[e+fx] (-1+2Sin[e+fx]))
4F

1
3 (Cos[ 2 (e+x)] +5in[? (- )] |

s

10+/2 (1+Sinfe+fx])"® (a (1+Sin[e+fx]))?

ietlieem fp. g corm])

,e“(%‘*%(*e*“))]]/ (2 2%/3

, 1 2

Hypergeometric2F1[ =, =
3 3

1 |

-
ot (TE (~e-fx)

1 1 . 1/6 e 12
2(1+cos[2 5+ (-e- 3Cos[ =+ = (-e-
( + Cos| [4+2(e x) |] )]+ os[4+2(e x) |
_ 1 5 11 o1 2 1
Hypergeometric2F1[ =, =, ~——, Cos[~+ = (-e-fx)| | Sin[—+ = (~e-fx)] /
2 6 6 4 2 2

Problem 117: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCO‘t[e+'FX]2 (a+asinfe+fx])'?ax

Optimal (type 6, 80leaves, 3 steps):
6ﬁAppe11F1[£, 71, 2, E, 1 (1+Sinfe+fx]), 1+Sin[e+fx]]
11a%f 6 2 6 2

Secle+fx]/1-Sin[e+fx] (a+aSin[e+fx])’"?

Result (type 6, 10034 leaves):

(-4-Cotle+fx]) (a (1+Sin[e+1‘x]))1/3

+

.F
((60+601’1) Appe11F1[5, Il (1+j—] (1+Cot[1 (e+fx)]|,
3 3 3 3 2 2 2
1 1 1 1 2 1
S5 [1ecot]T (e f Cos[= (e+fx)]”sin[= (e+f
(2 2]( + 0[2(e+ x) ] os[z(e+ x) ] 1n[2(e+ x) |
1 2 1 1 5
1+Si f 13 [1 Tan| = f 5+5i) AppellF1[=, =, =, =,
(a (1+sinfe+fx])) + an[z(e+ x) ]| [(5+51) Appe [3 3,
(§+§ [1+Cot[%(e+1‘:x)] s (%—%] (1+Cot[§(e+fx” ]Tan[§<e+fx)]+
5 1 4 8 1 1 1 1 1 1
AppellFl[ =, =, —, —, [—+—) [1+Cot{— (e+fx)]], (———] (1+Cot[— (e+Fx)]|]
3 3 3 3 2 2 2 2 2 2
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(1+Tarl1[§(e+fx”)+1‘1Appe11F1[§, g, i, 3, N i) [1 Cot{%(e fx) |
(%—%) 1+Cot{%(e+1‘:x)] }(1+Tan[§(e+fx”))]/
[-F Cos[%(e+FxH+Sin[§<e+fx)] (4@01
AppellFl[g, i, %,z §+§] 1 Cot[%(ewa)] [g g) [1+Cot[§(e -FXH }2
Cos[%(e fx)]—sin[i(eJrfo Sin[%(e fx)] +8
(AppellFl[z, §,§ g [% S [1 Cot[%(e fx) | (; ;J (1+Cot[;<e £x)]|]+
jAppellFl[E, 4—, l, §, [1+—) [1 Cot[ = (e+fx) ]|,
3 3 3 3 2 2 2
(%—EJ (1+Cot[%(e+fx)] ]JZ Cos[%(e fx)]+sin[§(e x| ’

2 1
5AppellFl[—, —,
3

8 4 4 11
- =, -, =

)y
3 3 3 3

| + i AppellF1]|

| - 2AppellF1]| ,
3

]

, iii) [1+Cot[§(e+¥x”
= 1+Cot[§(e+fx)] s [ifi)

+(2+21) AppellF1]

1+Cot[l (e+fx)]

2
4
g
3

w |
w | o
.

1
)3)

1 i 1 1 i 1
—+—| |1+Cot|— (e+Ffx , |—=—| |1+Cot|— (e+fx
o) (el ee ), (-] (et e ]
(-2+Cos[e+fx] +Cos 2 (e+-FxH—3Sin[e+fx])—(Z—Zi)AppellFl{E,
4 1 8 (1 Il]
T T T -+t =
3 3 3 2 2

]
(-2+Cos[e+fx] +Cos[2 (e+fx)]|-3Sin[e+fx])

w

1+Cot[§ (e+fx)]

s [ifi) [1+Cot[§ (e+fx)]

Ik

5 51 2 1 1 5 1 1 1
[*+*] AppellFl[f, =, =, 5, (7+7] (1+Tan[f (e+-Fx)] s
2 2 3 3 3 3 2 2 2

1 1

S =] [1+Tan[Z (e f

S5 ( an[2 (e+ x)] ]

sec[> (e+fx)] (a(1+Sinfe+fx]])>>
2
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1+Tan[§ (e+fx)]

\/Sec[i (e+fx)]?

/

f Cos{% (e+fx)] +Sin[§ (e+fx)]

(%Jrif) 1+Tan[%(e £x)]], [i—g] (1 Tan[%(e -FXH)]
AppellFl[g, i, g, z, (%JriJ (1+Tan[%<e+fx)] [%—E) [1 Tan[g(e fx)]|]
jAppellFl[z, g, i,z (%Jr;] (1 Tan[%(ewa)]
[i—g] (1 Tan[i e+fx)] ]] (1 Tan[i(ewaH))
H(15+151) [[i f)AppellFl[g,i % 3 [% ;] (1 Tan[%(e fx) |
[i %] (1+Tan[§(e+fx”)}$ec[§(e fx) |
(;—eJri] AppellFl[z, g, i, 2, %Jr;J (1 Tan[%(e -Fx)]
{% ;] (1+Tan[§(e fx) | }Sec[%(e fx)]z \1/+Tan[i(e il J/
Sec{%(e £x)]?
((5+51’1)Appe11F1[§,§ i g [% ;) [1+Tan[§(e+1‘x)'} , Gf;]
(1+Tar.1[§<e+fx)] |+ AppellFl[E, i, 4;, 3, [§+§] (1+Tan'[§(e fx) |
{% %] (1+Tan[; (e+fx)]|] AppellFl[g, g, i, 3, (§+§] (1
Tan[;(eﬂcx)] (3 ;] (1+Tan[§(e+fx” ]] (1 Tan[%(e fx) |
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, 2 1 1 5 (1 i
(15+151) AppellF1[—, =, =, =, (7+7J (1+Tan[ s
333 3 (2 2

N |

(e+Fx)]

2/3

1+Tan[§ (e+Fx)]

\/Sec[; (e+fx)]®

%—i—) (1+Tan[§ (e+fx)]

32
Sec[% (e+-Fx)]2+ (5+51) ([l—i] AppellFl{z,

s (——j—] (1+Tan[§ (e +fx)

1 i 5 4
(— + —) AppellF1[ =, —
30 30 3 3

(%—i—) (1+Tan[% (e+fx)]

]

)

(l—j—) (1+Tan[l(e+fx)] [%(AppellFl[g,

w |~
w | b
w | 00

| + i AppellF1]| E,
3

]

1+Tan[1 (e+fx)]

1+Tan[l(e+1‘:x)] A

2

37 37

[1+Tan{% (e+fx)]

) ) )

/—\
=
+
_|
)
=

N R
1)
+
_h
X

5 5i
[— + —) AppellFl[
24 24

(1+Tan[— (e+fx)]

((5+51‘1)Appe11F1[£, 1, l, 5, {1+£) [1+Tan[l (e+fx)]], (E—EJ
3 3 3 3 2 2 2 2 2
1 5 1 4 38 1 i 1
(1+Tan{f (e+fx) ][]+ [AppellFl[f, =, =, -, (*+*J (1+Tan[f (e+fx)]],
2 3 3 3 3 2 2 2
1 i 1 ) 5 4 1 8 1 i
(*—*J (1+Tan[f <e+-Fx)] | +iAppellF1| =, =, =, —, (*+*) {1+Tan[
2 2 2 3 3 3 3 2 2
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~ (e+fx)] [;—;) [1+Tan{%(e fx) | }) [1 Tan[ = (e+fx) | )2+
(10+191‘L)Appe11F1[§, %, %,3 (% %J [1 Tan{%(e fx) |
(% i) (1 Tan[%(e -Fx)] ]

/

1 1 5 Tan[i(ewa)](1+Tan[i(e+¥x)])
\/Sec[z(e fx)]" -

2\/Sec[§ (e+fx)]®

1+Tan[l(e 'FXH (<5+51>AppellF1[g,l 1’ E,
\/SGC[;<E o] 373737 3
[%+E] (1 Tan[i(e -FXH) (%—%J (1+Tan[%(e £x)]]]
AppellFl[z, i, g, 2, (i %) [1+Tan[% (e+fx)]], (2—2] (1+Tan[
i(ewa)] ]+J’1Appe11F1[§, 3, i, 2, (%Jri) (1+Tan[§ (e+fx)]],
e )|
4Cos[§ (e+~FxHCSC[§ (e+Fx”Sec[§ (e+fx)] (a (1+Sin[e+fX}>)1/3
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BSec[g(ewa)]z—
3Tan[§(e+fx)]2+
(Z+%J 22/3 AppellFl[z,é % 3 (§+§J (1 Cot[;(eﬂcx)]
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22/3

Hypergeometric2F1 [

3737
[%7;) [1+Cot[§(e+1‘x” ] AppellFlE, g,i 3,
(% ;J (1+Cot[§(e fx) | [; i) [1+Cot[§(e+¥x” |+ |
((5+51)Appe11F1[§, i 3 3 (§+§] (1+Cot[§ (e+fx)]|, Gf%)

[1+Cot[§ (e+fx)]
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1 (i 371) 1+Tan{%(e+fx”

B N P A
(—2+21’1)Sec[§(e+-Fx)]2Sin[e+-Fx]+(2—2]‘1)Sec[§(e+-FxH2Tan[§<e+-Fx)]+
(2-21) Cos[e+fx] Sec[i(e+fx)}2Tan[§(e+fx)]f
Sec[%(eJrFxHZ 22/3 AppellFl[g,é g, 2, (%+§J (1 COt[;(E fx) |

[%—i*) [1+Cot[§(e+1‘x” ] AppellFl[z,g 3,2
(%JrE] (1+Cot[§<e fx) | (3—%) [1 Cot[%(e fx) | })
Hyper eome‘cr‘icZFl[l 25 1ei) (2 ].L)TanE(e -FX)]] {J'HTan[
ypere 3737 3 2 2Tan[i(e fx) |
1 (1+i) (-i+Tan[2 (e+fx)]) 2 1
;(eﬂcx)] . Tan[i(e ] (1 Tan[2<e fx) |
(5+51)Appe11F1[§,§ i 3 [%+§] (1+Cot[%(e -FXH)
[%—i*) [1+Cot[%(e+fx” }Tan[i(e fx) | |2%/3 Hypergeometric2F1|
1 2 5 (1+i)+(1-d)Tan[ (e+Fx]] 1
3737 3 2+2Tan[2 (e+fx)] ]( Tan[;(eJr'FX)]
( )( Tan[1 (e f )])]”3

5 1 4 8 1 1
e+fx)] AppellFl[ =, =, —, —, [— —) (1 Cot[ = (e+fx) |
3 3 3 3 2 2 2
1 5 4 1 8
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2 3 3 3 3
1 1 1
1+Cot[= (e+f = 2| [1ecot[= (esf
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(5+51’1>Appe11F1[§,§ i, z, G E] (1 Cot[i(e fx)})
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(1+1) (—i+Tan[%(e+fx)]) 13
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373 3 2+2Tan[§(e+fx)]
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[i g] [1 Cot[%(e fx) | }Sec[%(ewa)]z 2%/3 Hypergeometric2Fi |
1 2 5 (1ri)+(1-4)Tan[7 (e+Fx)] 1
3737 3 2 2Tan[%(e+fx)] ][ Tan[z(eJerH
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2 2 3 3 3 3

2
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Problem 119: Result unnecessarily involves higher level functions.
J Tan[e + f x]*4
(

a+asSinfe+fx])'?

dx

Optimal (type 4, 551 leaves, 8 steps):
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973 Sec[e + f X] 973Sec[e+fx] (1-Sin[e+fx])

396 f (a+asSinfe+fx])? 495 f (a+aSinfe+fx])*?
Sec[e+fx] (95a+356aSinfe+fx])

N
132 (1-Sinfe+fx]) (a+aSin[e+fx])*?

21/3 g1/3 _ (1—\5) (a+aSin[e+-Fx])1/3

},i(Zﬁ-\EM

973 E1lipticF [ArcCos |
21/3 g1/3 _ (1+\/?) (a+asinfe+fx])*?

Secle+fx] (a+aSinfe+fx])?? (21/3a1/3— (a+aSin[e+fx})1/3)

\/((22/3a2/3+21/3a1/3 (a+aSin[e+Fx])1/3+ (a+aSin[e+-Fx])2/3)/

(21/3a1/3— (1+\/?) (a+aSin[e+fx])1/3)2) /

(a+asinfe+fx])*? (21/3a1/3—(a+aSin[e+Fx})1/3)
495 21/3 31443 ¢ | _ N
(21/3a1/3— (1+\/?) (a+aSin[e+-Fx})1/3)2

3a2Sin[e+fx] Tan[e + f x]

4f (a-asinfe+fx]) (a+aSinfe+fx])*?

3a%Sin[e+fx]2Tan[e + fx]

f(a-asinfe+fx]) (a+aSin[e+fx])4/3

Result (type 5, 128 leaves):

R Sin[1 (26+7T+2'FX>]2} +Secle+fx]3

[973 /2 Cos[e + f x] Hypergeometric2F1|
4

o |

1 1
)
6 2

V1-Sinfe+fx] (-49-64Cos[2 (e+fx)]|+22Sin[e+fx]-128Sin[3 (e+fx)]))/

)
(495 /1-Sin[e+fx] (a(1+Sinfe+fx]))™?)

Problem 121: Unable to integrate problem.

J Cot[e+fx]?
(

a+aSinfe+fx])*?

Optimal (type 6, 80leaves, 3 steps):

7 1 13 1 , )
G\EAppellFl[f,—f,Z,f,f(1+Sln[e+Fx}>,1+Sln[e+fx]}
7atf 6 2 6 2
Sec[e+fx]V1-Sin[e+fx] <a+aSin[e+-Fx}>5/3

Result (type 8, 25leaves):

dx
1/3

J Cot[e +f x]?
(

a+asSinfe+fx])
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Problem 122: Unable to integrate problem.

J Cot[e+ fx]*4
(

a+asSinfe+fx])*?

Optimal (type 6, 80leaves, 3 steps):
12\/7AppellFl[E, -3, 4, E, 1 (1+sinfe+fx]), 1+Sin[e+fx]]
13af 6 2 6 2

Sec[e+fx]\/1-Sin[e+fx] <a+aSin[e+-Fx])8/3

Result (type 8, 25leaves):
J Cot[e+fx]*
(

a+asSinfe+fx])

dx
1/3

Problem 123: Attempted integration timed out after 120 seconds.

J(a+asin[e+fx])3 (gTan[e+ fx])Pdx

Optimal (type 5, 269 leaves, 10 steps):

a® Hypergeometric2Fi[1, 14;’*, 3—;9, ~Tan[e +fx]?| (gTan[e+Fx}>1+p 1
+
fg(l+p) fg(2+p)
Lip 1 2 4
3a® (Cos[e+fx]?) . Hypergeometric2Fi | +p, +p, +p) Sinfe+fx]?]
2 2 2
1 1
Sin[e+fx] (gTan[e+fx])"P+ ————a® (Cos[e+fx]?) .
fg(4+p)
1 4 6
Hypergeometric2Fi | +p, +p) +p,Sin[e+-Fx}2] Sin[e + fx]3 <gTan[e+Fx])1*p+
2 2 2
3 5
3 a° Hypergeometric2F1|2, ;p, +p) ~Tan[e+fx]?| (gTan[e+fx])>P
fg*(3+p) 2 2

Result (type 1, 1leaves):

???

Problem 124: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(a+asin[e+fx])2 (gTan[e+fx])Pdx

Optimal (type 5, 187 leaves, 8 steps):
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a? Hypergeometric2Fi[1, 14;1, 34;1, ~Tan[e + fx]?| (gTan[e+-Fx})1*p 1
N

fg(l+p) fg(2+p)

1 1 2 4
2a” (Cos[e+fx]?) 2 Hypergeometric2F1| +p, +p) +p,Sin[e+-Fx]2}

2 2 2

1

Sinfe+fx] (gTan[e+fx])"P+ —

fg? <3+p>

2 i 3+p 5+p ) 3.

a’ Hypergeometric2Fi|2, , =, -Tan[e+fx]?| (gTan[e+fx])>"P
2 2

Result (type 6, 9890 leaves):

21+P (a+aSin[e+-Fx])2Tan[1 (e+-Fx)]
2

Tan[Y (e+fx P
{2 ( ) [((3+p) AppellFl{lJrip, p, 1, 3+7p,
2 2

~1+Tan|[> (e+-FxH2

|l N1

Tan[; (e+Fx”2, —Tan[i (e+fx>]2} 1+Tan[% <e+fx)]2]2]/

[(1+p) [(3+p) AppellFl[lJr—p, p, 1, 3+p’ Tan[1 (e+-FxH2, —Tan[l (e+fx)]2] -
2 2 2 2
2 (AppellFl[BJr—p, p, 2, 5+_p’ Tan{l (e+-FxH2, —Tan[l (e+fx)]2} -
2 2 2 2
pAppe11F1[3+—p, 1+p,1, 5+—p, Tan[l (e+-Fx)]2, —Tan{1 (e+fx)]2]]
2 2 2 2
Tan{l (e+fx)}2)) + [4 (3+p) AppellFl[lJr—p, p, 2, 3+—p,
2 2 2
Tan{l (e+fx”2, —Tan[1 (e+fx)]2} 1+Tan[1 (e+fx)]2]]/
2 2 2
((1+p) [(3+p) AppellFl[lJrip, p, 2, 3+7p1 Tan[1 (e+-FxH2, —Tan[1 <e+fx)]2] +
2 2 2
2 (—ZAppellFl[?’;p, P, 3, 5+7p, Tan[l <e+-Fx)]2, —Tan[l (e+-FxH2] +
2 2 2 2

pAppellFl[ﬂ, 1+p, 2, 5+7p, Tan[ (e+-Fx) ]2,
2

1
2
(e+~FxH2)
+p 3+

(4 (3+p) AppellFl[li, p, 3, 7p, Tan|
2 2

~Tan| (e+fx>]2} Tan|

N |

N RO

<e+fx)]2, -Tan|

N |

1 2
- f /
- e+ #x)]|
((1+p) [(3+p) AppellFl[lJr—p, p, 3, 3+_p, Tan[1 (e+fx”2, 7Tan[1 (e+fx)]2] +
2 2 2
2 [73AppellF1[3;p, p, 4, 5+_p, Tan[1 (e+fx)]2, 7Tan[l (e+FxH2] +
2 2 2 2
3+_p, 1+p, 3, 5+_p, Tan[1 (e+fx)]2,
2 2

p AppellF1|

+

—Tan[% (e+fx>]2} Tan[i (e+FxH2)
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(4 (4+p) AppellFl[ZJZr—p, P, 2, 4%'9, Tan[% <e+fx)]2, —Tan{% (e+1cx)]2]

Ton( e )] [etenl o0 T/

[(2+p) [(4+p) AppellFl[ZJr—p, p, 2, 4+—p, Tan[l (e+-FxH2, —Tan[1
2 2 2 2
4+p 1 ‘

2 (—ZAppellFl[ , P, 3, 6;p, Tan| (e+fx)]2, —Tan{E (e+
2 2

N

pAppellFl[ﬂ, 1+p, 2, 6+7p’ Tan| (e+-Fx)]2, —Tan{1 (e+1:x)]2]
2 2 2

N |

Tan[% (e+fx”2)

]Tan[em‘x]" (gTan[e+fx])P

Cos[1 (emcx)]4Tan[e+1cx]'°+4Cos[1 (e+1cx)]3sin[l (e+fx)]
2 2 2

Tan[e + fx]P +

6Cos[1 (e+FxHZSin[1 (e+fx)]2Tan[e+fx]p+
2 2

4Cos[1 (e+fx)] Sin[1 (e+-Fx)]3Tan[e+-Fx]'°+
2 2

Cos[% (e+fx)] +Sin{§ (e+fx)]

Sin{l (e+-FxH4Tan[e+fx1p
2

4

.F

{_ 1
(1+Tan[i (e+FxH2)4

3 21*"’Sec[l (e+1‘xH2Tan[l <e+fx)]2
2 2

{_ Tan[% (e+Fx)]

-1+ Tan[ (e+fx)]®

(((3+p) AppellFl[lJrip, p, 1, 3+7p, Tan[l(e+fx)]2,—Tan[1(e+fx)]2]
2 2 2 2
2
[1+Tan[l (e+fx”2] )/((1+p) [(3+p) AppellFl[h—p, p, 1, ﬂ,
2 2 2
Tan[1 (e+-Fx)] , —Tan[l (e+fx)}2} -2 (AppellFl[ﬂ, p, 2, 5+p’
2 2 2
1 2 1 2 3+p
Tan[g (e+-Fx)] , —Tan[; (e+-FxH }—pAppellFl[T,ler, 1,
5+p,Tan[1<e+-Fx)] , —Tan[l(eJr-Fx)] ]]Tan[1<e+fx)]2]]+
2 2 2
4 (3+p) AppellFl[h—p, p, 2, 3+_p, Tan[l (e+FxH , —Tan[l (e+fx”2}
2 2 2 2
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1+Tan{l (e+fx)}2])/((1+p) (<3+p) AppellFl{h—p, P, 2, 3+_p)
2 2 2
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(1+p) (3+p) AppellF1|1+ 3

-Tan]| (e+Fx)]2] Sec|

N |

(e+fx)]2Tan[§ (e+FxH

1+p
[—

(<1+p) [(3+p) AppellF1 > P> 3,

2 [—3AppellF1[3+—p, p 4, P, Tan[Z (e s #x)]%, “Tan[ (e s £x)]7] +
2 2 2 2

+p 5+p

pAppellF1[3—,1+P, 3, :Tan[l(e’f‘cx)]z’
2

2 2
2
—Tan[l (e+fx)]2]) Tan[1 <e+fx>]2 J -
2
[4 (4+p) AppellFl[z;p, P, 2, ﬂ, Tan[l (e+-Fx)]2, —Tan{l (e+1°x)]2]
2 2

2
2 2
(e+fx)]2)

1

Tan[l (e+fx) | (1+Tan{2

2

(2 (—ZAppellFl[ﬂ, p, 3, 6+7p’ Tan[1 (e+-FxH2, —Tan[1 <e+fx)]2] +
2 2 2 2
pAppellFl[u, 1+p, 2, 6+7p1 Tan[1 (e+-FxH2, —Tan[1 <e+-Fx)]2]
2 2 2 2
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Sec[i(eJrfx)]zTan[l(e+fx>]+(4+p) - 2 (2+p)
2 2 4+p

AppellF1[1 + 2+7p, p, 3, 1+ 4+p, Tan[1 (e+fx)]2, -Tan]|
2 2

p (2+p) AppellFi|

Sec[% (e+Fx)]2Tan[§ (e+fx)] +4+p

N |

(e+fx)]"]

1+2+p,1+p, 2,1+4;p,Tan[§(e+FxH2, —Tan[§<e+fx>]2}
Sec[%(e+fx>]2Tan[§(e+fx)] +2Tan[§(e+fx”2
[72(7 ! 3(4+p)AppellF1[1+4;p, p,4:1+6+pJTa"[l(e+‘CXH2’
6+p 2 2 2
1 2 1 2 1 1
—Tan[;(eJrfo }Sec[;(eJr-FxH Tan[g(e+fx)]+6+p

4+p 6 +
p (4+p) AppellF1[1+ ——, 1+p, 3, 1+ —
2

(e+'FXH

N |

~Tan| <e+-Fx)]2] Sec[% (e+-Fx)]2Tan[

N |

6+p
2

4+p
p 2 (4+p) AppellF1[1+ ——, 1+p, 3,1+
2

°r 1 2 1 2 1
—Tan[;(e+fx” }Sec[;(e+fx” Tan[;(eﬂcx)]
+p

4 6+p
(1+p) (4+p) AppellF1|1+ ,2+4p, 2, 1+

~Tan]| <e+fx)]2] Sec[% (e+-Fx)]2Tan[§ (e+Fx”

N |

+P

(<2+p) [(4+p) AppellFl[L, p, 2, ﬂ, Tan[1 (e+-FxH2, ~Tan
2 2 2

+

2

+

P, Tan[l (e+fx)]2,
2

s Tan[1 <e+fx)]2,

4;'9, p, 3, 6+p) Tan{l (e+-FxH2, —Tan[l (e+fx)]2} +

2 (—ZAppellFl[ —
2 2 2 2

pAppellFl[ﬂ, 1+p) 2, 6+—p, Taﬂ{l <e+'FX)]2;
2 2

)|

N |

tan[ 2 (e+#x)]7]| Tan] (eﬂcx)]z)z])

N |

Problem 125: Unable to integrate problem.

J(a+asin[e+Fx]) (gTan[e+fx])Pdx

Optimal (type 5, 129 leaves, 6 steps):
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a Hypergeometric2F1|1, 1—;9, 3%, ~Tanfe + fx]?2] (gTan[ewa])l*p

'Fg<1+p>

+

l+_p
——————a (Cos[e+fx]?)
fg(2+p)
1 2 4
Hypergeometric2Fi | +p, +p) +p,Sin[e+-Fx}2]Sin[e+-Fx] (gTan[eJr-Fx])l*p
2 2 2

Result (type 8, 23 leaves):

J(a+asin[e+fx]) (gTan[e+fx])Pdx

Problem 126: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

(gTan[e+fx])P
J dx

a+aSinfe+fx]
Optimal (type 5, 108 leaves, 4 steps):
(gTanle+ fx] )l*p

afg(1+p) _a-FgZ (2+p)

2 3 4
Hypergeometric2F1 | +p’ +p, +p,Sin[e+-Fx}2]Sec[e+fx] (gTanle+fx])*P

2 2 2

3.
Cos[e+fx}2)7p

Result (type 6, 2539 leaves):
{2 (2+p) AppellF1[1+p, p, 2+p, 2+p, Tan{l (e+fx)], —Tan[l (e+fx)]]
2 2

-p 1 -2-p
1+Tan|[~ (e+fx>]

Tan[l(eﬂcxﬂ A

(—1+Tan[l(e+fx)] A

2

(71+Tan[1 (e+fx)]2)pTan[e+-Fx]P (gTan[e+-Fx])p)/
2

f(l+p) (a+asSinfe+fx])

((2+p) Appe11F1[1+p, P, 2+p, 2+p, Tan[ (e+fx)], —Tan[

N |

(e+'FX)H +

N =

(—(2+p) AppellF1[2+p, p, 3+p, 3+p, Tan| = (e+fx)], -Tan[= (e+Ffx) || + pAppellF1|

N |

1
2

2+p,1+p, 2+p, 3+p, Tan|

N |

(e+fx)], —Tan[% (e+-Fx)H] Tan[i (e+fx)]

([Zp (2+p) AppellF1[1+p, p, 2+p, 2+p, Tan[1 (e+fx)], -Tan[= (e+Fx)]]
2

N |

-p
Sec[e + fx]?

—1+Tan{%(e+fx” Tan[i(ewa)]

(1+Tan[1 (e+fx)]

2o
’ (71+Tan[1 (e+fx)]2)pTan[e+fx]1*p]/
2 2

[(1+p) ((2+p) AppellF1[1+p, p, 2+p, 2+p, Tan[l (e+fx)], —Tan[l (e+fx)]]+
2 2



74 | Mathematica 11.3 Integration Test Results for 4.1.1.3 (g tan)”p (a+b sin)~m.nb

- (2+p) AppellF1[2+p, p, 3+p, 3+p, Tan[l (e+Fx)], —Tan[l (e+fx)]]+
2 2

1 1

pAppellF1[2+p, 1+p, 2+p, 3+p, Tan| = (e+fx) |, -Tan| =

(e+-Fx)H)

1
)+ {Zp (2+p) AppellF1[1+p, p, 2+p, 2+p, Tan[; (e+fx)],

N
N

Tan[% (e+FxH

7pTan[§ <e+fx)]2

/

~Tan| (e+-FX)H Sec[1 (e+fx”2 (—1+Tan[1 (e+fx)}

2 2

N |

(1+Tan[§ (e+fx)]

-2-p 1 2 -1+p
(—1+Tan[—(e+fx)] ) Tan[e + f x]P
2

1
((1+p) [(2+p) AppellF1[1+p, p, 2+p, 2+p, Tan| =

S (e fx) ], ~Tan[ > (e« £x)]] +
- (2+0) AppeltF1[2:p, p, 30, 34, Tan[i<e+fx)],4an[§<e+fxm+
pAppellF1[2+p, 1+p, 2+p, 3+p, Tan[%(ewa)],—Tan[%(ewa)H)
Tan[%(ewaH ]+{(—2—p) (2+p) AppellF1[1+p, p, 2+ p, 2+ p,
Tan[%(ewaH,—Tan[%(e+-Fx)HSec{%(e+fx)]2 —1+Tan[§(e+fx)] v
Tan > (e )] [1oTan| > (e ]| o aeman[ ferx) ]| Tante 17 /

((1+p) [(2+p) AppellF1[1+p, p, 2+p, 2+p, Tan[l (e+fx)], —Tan[l (e+fx)]]+
2 2

(e+fx)]]+

(e+-Fx)H)

)+ {(2+p) AppellF1[1+p, p, 2+p, 2+p, Tan[1 (e+fx)],
2

(—(2+p) AppellF1[2+p, p, 3+p, 3+p, Tan 1 (e+fx)], -Tan
2

N |

[ [
1 1
pAppellF1[2+p, 1+p, 2+p, 3+p, Tan| = (e+fx) |, -Tan| =

N
N

Tan[% (e+FxH

~Tan| (e+-FX)H Sec[i (e+fx”2 (—1+Tan[1 (e+fx)} ’

2

N |

(1+Tan[§ (e+fx)]

-2-p 1 2)\P
(—1+Tan[—(e+fx)] ) Tan[e + f x]P
2

/

((1+p) [(2+p) AppellF1[1+p, p, 2+p, 2+p, Tan[1<e+fx)], —Tan[1<e+fx)H+
2 2
(—(2+p)AppellF1[2+p, p,3+p, 3+p, Tan[l(e+fx)],—Tan[l<e+fx)H+
2 2
pAppellF1[2+p, 1+p, 2+p, 3+p, Tan|
1 1 1
= (e+fx)], -Tan[= (e+f Tan[= (e+f -
2(e+ x) | an[z(e+ X)HJ an[2<e+ x) | )
(p (2+p) AppellF1[1+p, p, 2+p, 2+p, Tan[l(e+fx)],—Tan[l(e+fx)]]
2 2

Sec[1 <e+fx)]2 —1+Tan[1 <e+-Fx)] e

1
5 5 Tan[—(e+1‘x”

2
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p

2o
[1+Tan[1 (e+fx)] ’ (71+Tan[1 (e+1cx)]2 Tan[e + f x]P

/

2 2
[(1+p) [(2+p) AppellF1[1+p, p, 2+p, 2+p, Tan[l (e+fx)], —Tan[l (e+fx)]]+
2 2
(—(2+p) AppellF1[2+p, p, 3+p, 3+p, Tan{l (e+fx)], —Tan[l (e+fx)]]+

N

2
pAppe11F1[2+p,1+p,2+p,3+p, Tan[
1 1 1
= (e+fx)], -Tan[= (e+f Tan[= (e+f
2(e+ x) | an[z(e+ x) ] an[2<e+ x) |

) :

[2 (2+p) [—% (1+p) AppellF1[2+p, p, 3+p, 3+p, Tan[% (e+fx)], —Tan[i (e+fx)]]

1 2 1
Sec[g (e+fx)] +2 2ep)

p (1+p) AppellF1[2+p, 1+p, 2+p, 3+p,

Tan[%(e+fx)],—Tan[%(eﬂcx)HSec[%(e+fx”2 ’

(—1+Tan[§ (e+fx)]

Tan| <e+-Fx)] (1+Tan[

N |

(e+fx)]

N |

((1+p) [(2+p) AppellF1[1+p, p, 2+p, 2+p, Tan|
2
(—(2+p) AppellF1[2+p, p, 3+p, 3+p, Tan| — (

N |

e+-Fx)], ~Tan]|

) .

pAppellF1[2+p, 1+p, 2+p, 3+p, Tan|

E (e+fx)], —Tan[i (e+-Fx)HJ Tan|

5 (e+-Fx)]

N R

N |

(e+fx)]]

1
(2 (2+p) AppellF1[1+p, p, 2+p, 2+p, Tan| = (e+fx)], -Tan|
2

(—1+Tan[l(e+fx” o

A 7pTan[1(e+fx)] (1+Tan[l(e+fx)]

2 2

N | R

(e+fx)]]+

1 1
[ (—(2+P) Appe11F1[2+p, p,3+p, 3+p, Tan[g (e+fx>], —Tan[
2

pAppellF1[2+p, 1+p, 2+p, 3+p, Tan| = (e+fx) ]|, -Tan|

N |

<e+'FX)H

N |

Sec[ (e+'FXH2+(2+p>

N |

—i (1+p) AppellF1[2+p, p, 3+p, 3+p, Tan|

N |

(e+

1
2 (2+p)

fx) ], —Tan[l (e+fx)]]sec| (e+-FxH2+

2

N |

p (1+p) AppellF1[2+

p, 1+p, 2+p, 3+p, Tan[~ (e+fx)]|, -Tan[— (e+fx)]] Sec| (e+-FxH2

+

N |
N |

N |

1 1
- +p - +p ppe +P, P, +p, +p, lan| — (e+TX >
[ (2 ){ A (2+p) A 11F1(3 4 4 T [2( f )]

~Tan| (e+-Fx)H Sec| <e+fx)]2+

p (2+p) AppellF1[3+p,

N |
N |

2 (3+p)
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1+p,3+p, 4+p, Tan[l (e+fx)], —Tan[l (e+fx)]] Sec[1 <e+fx)]2 +
2 2 2

1 2
p |- (2+p)*AppellF1[3+p, 1+p, 3+p, 4+p, Tan|
2 (3+p)

N |

(e+fx>],

—Tan[1 (e+Ffx)]] Sec[l (e”cXHZJr

2 2 2 (3+p) (1+p) (2+P)

}s Tan[1 (e+fx”2} Sec|

Hyper‘geometr‘icPFQHz + g, 2+p}, {3 + 5

N T

Tan[1 (e+fx)]

Llefx)]’ .

2

/

[71+Tan[1 (e+fx)]2 IDTan[eJrFx]p
2

[(1+p) ((2+p) AppellF1[1+p, p, 2+p, 2+p, Tan[l (e+fx)], —Tan[l (e+fx)]]+
2 2

(—(2+p> AppellF1[2+p, p, 3+p, 3+p, Tan[l (e+fx)], —Tan{l (e+fx)]]+p
2 2

[y

AppellF1[2+p, 1+p, 2+p, 3+p, Tan[ = (e+Fx) ],

N

ettt )

Problem 127: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

dx

J (gTan[e+fx])P
(

a+asSinfe+fx])?

Optimal (type 5, 138 leaves, 10 steps):

1+p

(gTan[e+fx]) 1
a’fg(1+p) a’fg? (2+p)
2 (Cos[e+'Fx]2)S%)Hyper'geometr'iCZFl[erp, 5+p’ 4+p’ Sinfe+fx]?]

2 2
2 (gTan[e+fx])3*p

Sec[e+fx]? (gTan[e+fx])*P+ rrg (31p)
aTg +Pp

Result (type 6, 7283 leaves):

7pTan[l (e+fx)]

21 (2+p) [—1+Tan[1(e+fx>] A

2

Tan[i(eJr-Fx)] P P

(1+Tan[ (eJr-I:xH2

N |

(e+fx)})i4ip [

(—1+Tan[

N |

—1+Tan[i <e+fx)]2

([AppellF1[1+p, P, 2+p, 2+P, Tan[1 (e+Fx)], —Tan[1 (e+fx)]]
2 2



f(1+p) (a+asSinfe+fx])?
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(1+Tan[% (e+fx)]

1/

((2+p) AppellF1[1+p, p, 2+p, 2+p, Tan[l (e+fx)], —Tan[l (e+fx)]]-
2

2
(2+p) AppellF1[2+p, p, 3+p, 3+p, Tan{l (e+fx)], —Tan[1 (e+fx)]]
2 2
Ta”[l (e+Fx) ]| +pAppellF1[2+p, 1+p, 2+p, 3+p,
2
Tan[1 (e+fx)], 7Tan[1 (e+fx)]] Tan[1 (e+fx)]]-
2 2 2

(2Appe11F1[1+p, p,3+p, 2+p, Tan[l (e+fx)], 7Tan[l (e+fx)]]
2 2

|/

((2+p) AppellF1[1+p, p, 3+p, 2+p, Tan[1 (e+fx)], 7Tan[1 (e+fx)]]-
2 2

(1+Tan[§ (e+fx)]

(3+p) AppellF1[2+p, p, 4+p, 3+p, Tan[l (e+Fx)], —Tan[1 (e+fx)]]
2 2

Tan{l (e+-FxH +pAppellF1[2+p, 1+p, 3+p, 3+p,
2
Tan[

<e+-Fx)], -Tan] (e+-Fx)H Tan[i (e+Fx)

N =
N =

]
1 1
(2AppellF1[1+p, p, 4+p, 2+p, Tan[; (e+-FxH, —Tan[; (e+-Fx)H]/

(e+fx)], -Tan|

((2+p) AppellF1[1+p, p, 4+p, 2+p, Tan| (e+fx)]] - (4+p)

N |

AppellF1[2+p, p, 5+p, 3+p, Tan|

N |

(e+fx)], -Tan|

N |

(e+fx)]] Tan|

N |

(e+-Fx)] +

1 1
pAppellF1[2+p, 1+p, 4+p, 3+p, Tan| = (e+fx) |, -Tan| = (e+fx)]]
2 2

2'Pp (2+p) Sec[% <e+fx)]2 (—1+Tan[§ (e+fx)]

Tan[i (e+fx)]

J (gTan[e+fx])P

-P

1+p

(e+-Fx)]

Tan[% (e+FxHZ (1+Tan[

N |

ap [ Tan[i (e+fx)]

—1+Tan[i (eJr-I:xH2

1 2) 1P
(—1+Tan[—(e+fx)] ) [[AppellF1[1+p, P,2+p, 2+p,
2

Tan[g (e+fx)], —Tan[% (e+fx)]] [1+Tan[§ (e+fx)]

1/

(e+fx)], —Tan[i (e+fx)]]-

(<2+p) AppellF1[1+p, p, 2+p, 2+p, Tan|

N |
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(2+p) AppellF1[2+p, p, 3+p, 3+p, Tan{1 (e+fx)], —Tan[l (e+fx)]]
2 2
Tan[

(e+-FxH +pAppellF1[2+p, 1+p, 2+p, 3+p, Tan| (e+-FxH,

N |
N |

—Tan[% (e+-Fx)H Tan[% <e+-Fx)]

- (2 AppellF1[1+p, p, 3+p,

|/

(2+p) AppellF1[1+p, p, 3+p, 2+p, Tan[l (e+fx)], —Tan[l (e+fx)]]-
2 2

2+p, Tan[% (e+Fx”, —Tan[i (e+Fx)H

1+Tan[§ (e+-FxH

(3+p) AppellF1[2+p, p, 4+p, 3+p, Tan[1 (e+Fx)], —Tan[l (e+fx)]]
2 2
Tan[l (e+fx” +pAppellF1[2+p, 1+p, 3+p, 3+p,
2

Tan[% (e+fx)], —Tan[% (e+fx)]] Tan[% (e+fo) +

[2Appe11F1[1+p, p,4+p, 2+p, Tan[l (e+fx)], —Tan{l (e+fx)]]]/

2 2
(<2+p) AppellF1[1+p, p, 4+p, 2+p, Tan[l (e+fx”, —Tan[l (e+fx)H -
2 2
1 1
(4 +p) AppellF1[2+p, p, 5+p, 3+p, Tan[; (e+Fx)], —Tan[; (e+fx)]]
Tan[l (e+-FxH +pAppellF1[2+p, 1+p,4+p, 3+p,
2
1 1 1
Tan[; (e+Fx)], —Tan[; (e+fx)]] Tan[; (e+fx>})] +

-P

Tan[1 (e+fx)]

71+Tan[1(e+fx)] A

1 2
2P (~4-p) (2+p) Sec| = f
(-4-p) (2+p) ec[2 (e+Fx)] N

1+p
P

(1+Tan[§ (e+fx)]

5p [_ Tan[ > (e+fx) |

-1+ Tan[3 (e+fx)]’

(71+Tan[ (e+fx)]2Jp [(AppellF1[1+p, P, 2+p, 2+P,

N |

Tan[g (e+fx)], 7Tan[§ (e+fx)]] [1+Tan[§ (e+fx)]

1/

(<2+p) AppellF1[1+p, p, 2+p, 2+p, Tan[% (e+fx)], —Tan[2 (e+fx)]]-
[ [

(2+p) AppellF1[2+p, p, 3+p, 3+p, Tan

N |

1
(e+-Fx>], -Tan N (e+-Fx)H

Tan[

N |

(e+fx) ] +pAppellF1[2+p, 1+p, 2+p, 3+p, Tan|

N |-

(e+FxH,

7Tan[§ (e+fx)]] Tan[% (e+fx)]

- (2 AppellF1[1+p, p, 3+p,

|/

2+p, Tan[% (e+fx)], —Tan[% (e+fx)]] [1+Tan[§ (e+fx)]
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(2+p) AppellF1[1+p, p, 3+p, 2+p, Tan[l (e+fx)], —Tan[l (e+fx)]]-
2 2

(3+p) AppellF1[2+p, p, 4+p, 3+p, Tan{l (e+fx)], —Tan[l (e+fx)]]
2 2

| =

Tan[~ (e+fx)| +pAppellF1[2+p, 1+p, 3+p, 3+p,

Tan +

N

N |

(e+-FX)H Tan[1 (e+Fx)

(e+fx)],—Tan[ 5

N |

]
1 1
[2Appe11F1[1+p, p,4+p, 2+p, Tan| = (e+fXx) ], —Tan[g (e+fx)]]]/
2
(<2+p) AppellF1[1+p, p, 4+p, 2+p, Tan[l (e+fx)], —Tan[l (e+fx)]]-
2 2
(4 +p) AppellF1[2+p, p, 5+p, 3+p, Tan[1 (e+Fx)], 7Tan[1 (e+fx)]]
2 2

Tan[l (e+fx)]+pAppellF1[2+p, 1+p, 4+p, 3+p,
2

Tan[i (e+Fx)], 7Tan[§ (e+fx)]] Tan[% (e+fx)]

J ;

’ (1+Tan[§ (e+fx)]

~4-p

2P (2+p) Sec[% (e+-FxH2 (—1+Tan{§ (e+fx)]

1+p
{ Tan[i (e+fx)]

~1+Tan[ (e+fx)]®

P

(71+Tan[§ (e+fx”2]p

([Appe11F1[1+ p, P, 2+p, 2+p, Tan[

1/

(<2+p) AppellF1[1+p, p, 2+p, 2+p, Tan[l (e+fx)], —Tan[l (e+fx)]]-
2 2

(e+-FxH, ~Tan| (e+-Fx)H

N |
N |

(1+Tan[§ <e+-Fx)]

(2+p) AppellF1[2+p, p, 3+p, 3+p, Tan{l (e+fx)], —Tan[l (e+fx)]]
2 2

Tan| (e+-FxH +pAppellF1[2+p, 1+p, 2+p, 3+p, Tan|

N |
N |

(e+‘FXH,

—Tan[% (e+-Fx)]] Tan[% <e+-Fx)]

- [2 AppellF1 [1 +pP, P> 3+D,

|/

(2+p) AppellF1[1+p, p, 3+p, 2+p, Tan[l (e+fx)], 7Tan[l (e+fx)]]-
2 2

2+p, Tan[% (e+Fx)], 7Tan[§ (e+Fx)]]

1+Tan[§ (e+FxH

(3+p) AppellF1[2+p, p, 4+p, 3+p, Tan[1 (e+fx)], 7Tan[1 (e+fx)]]
2 2

Tan{l (e+FxH +pAppellF1[2+p, 1+p, 3+p, 3+p,
2
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N |

(e+fx)]] sec|

N |
N |

1
2 (2+p)

20 |-

(1+p) (3+p) AppellF1[2+p, p, 4+p, 3+p, Tan[l (e+fx)],
2

~Tan| (e+fx)]2+

N |

(e+fx)]] sec] p (1+p) AppellF1[2+p,

N |

2 (2+p)

1+p,3+p,3+p, Tan| (e+-FxH,—Tan[%(ewa)HSec[ (e+-FxH2 -

N |
N |

1
2 (3+p)

(2+p) (4+p) AppellF1[3+p, p, 5+p, 4+p,

37 |
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Tan[i (e+‘FXH; —Tan[i (e+-Fx>H Sec[% (e+'FXH2+ 2 (3+P)

AppellF1[3+p, 1+p, 4+p, 4+p, Tan[1 (e+fx)], —Tan[l (e+fx)]]
2 2

Sec[% (e+-Fx>]2 Tan[% (e+fx)]+p [_

N |

(2+p) AppellF1[3+p, 1+p,

4+p,4+p, Tan[i (e+fx)], —Tan[i (e+fx)]] Sec{% (e+fx)]2+

(1+p) (2+p) AppellF1[3+p, 2+p, 3+p, 4+p, Tan[1 (e+fx)],
2

/

(2+p) AppellF1[1+p, p, 3+p, 2+p, Tan[l (e+fx)], —Tan[l (e+fx)]]-
2 2

2 (3+p)

~Tan| = (e+fx)]] sec| (E+'FXH2

N |

Tan|

N |

(e+fx)]

N |

1
(3+p) AppellF1[2+p, p, 4+p, 3+p, Tan[ = (e+fx)],
2

~Tan| (e+-Fx>H Tan| (e+-FxH +pAppellF1[2+p, 1+p, 3+p,

N |
N |

2

3+p,Tan[ (e+-FxH,—Tan[ (e+Fx)HTan[ (e+-Fx)] -

N |
N |
N |

8 AppellF1[1+p, p, 4+p, 2+p, Tan[l (e+fx)], —Tan[l (e+fx)]]
2 2

(1+Tan[§ (e+fx)] ’

1 1
[— (4+p) AppellF1[2+p, p, 5+p, 3+p, Tan| = (e+fx)],
2 2
—Tan[l (e+fx)]] Sec[1 <e+fx)]2+lpAppellF1[2+p, 1+p,
2 2 2

4+p, 3+p, Tan[1 (e+fx)], —Tan[% (e+fx)]] Sec[% (e+fx)]2+

2
1
(2+p) ( (1+p) (4+p) AppellF1[2+p, p, 5+p, 3+p, Tan| ~ (e+fX) ],
2 (2+p) 2
Tan[ > (e +#x)]] sec[ > (e+#x)]*+ ————p (1+p) AppellF1[2p
- N + - + + + +p,
2 2 2 (2+p)

1+p, 4+p, 3+p, Tan[% (e+fx)], —Tan[% (e+Fx)]] Sec[% (e+FxH2] -

(4+p) (— (2+p) (5+p) AppellF1[3+p, p, 6+p, 4+p, Tan[l (e+fx)],
2

2 (3+p)
1

2 (3+p)

-Tan| (e+fx)]2+

N |

(e« fx)]] sec] P (2+p) AppellF1[3+p,

N |

1+p,5+p, 4+p, Tan| (e+-FxH, —Tan[i (e+fx)]] sec| (e+-FxH2

N |

=
N |

Tan[

(2+p) (4+p) AppellF1[3+p, 1+p, 5+p,

N |

(e+fx)}+p[2(3+p)
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4p, Tan[ > (e #x)], Tan| (e Fx)]] Sec| ~ (erx)]" - (3+7)

(1+p) (2+p) AppellF1[3+p, 2+p, 4+p, 4+p, Tan[l (e+fx)],
2

(2+p) AppellF1[1+p, p, 4+p, 2+p, Tan[l (e+fx)], —Tan[l (e+fx)]]-
2 2

—Tan[% (e+fx)]] Sec{% (e+FxH2 Tan{% (e+fx)]

(4 +p) AppellF1[2+p, p, 5+p, 3+p, Tan[l (e+fx)],
2

—Tan[1 (e+fx)]] Tan[l (e+fx)]+pAppellF1[2+p, 1+p, 4+p,
2 2
1 1 1 2
3+p, Tan[f (e+-FxH, —Tan[f (e+-Fx)H Tan[f (e+Fx)] +
2 2 2

8 AppellF1[1+p, p, 5+p, 2+p, Tan[1 (e+fx)], —Tan[l (e+fx)]]
2 2

(1+Tan[§ <e+-Fx)]

1 1
(— (5+p) AppellF1[2+p, p, 6+p, 3+p, Tan| = (e+fx)],
2 2

~Tan[~ (e+fx)]] sec|

N |

2 1
(e+fx)] +;pAppellF1[2+p, 1+p,

N |

5+p, 3+p, Tan[% (e+fx)], 7Tan[§ (e+fx)]] Sec[i (e+fx)]2+

(1+p) (5+p) AppellF1[2+p, p, 6+p, 3+p, Tan| — (e+fX) ],

N |

—Tan[l (e+fx)]] Sec[l (e+-Fx)]2+

p (1+p) AppellF1[2+p,
2 2 2 (2+p)

1+p,5+p, 3+p, Tan[% (e+FxH, —Tan[% (e+fx>H Sec[% (e+-FxH2J -

(5+p) (— (2+p) (6+p) AppellF1[3+p, p, 7+p, 4+p, Tan[1 (e+fx)],
2

2 (3+p)

-Tan]| (e+fx)]2+

N |

(e+fx)]] sec] p (2+p) AppellF1[3+p,

1
2 2 (3+p)

1+p, 6+p, 4+p, Tan[l (e+fx)], —Tan[l (e+fx)]] Sec{l (e+fx”2
2 2 2

1 1
Tan[ - (e+fx)]+p |- (2+p) (5+p) AppellF1[3+p, 1+p, 6+p,

2 2 (3+p)

4+p, Tan[% (e+Fx)], —Tan[% (e+fx)]] Sec[% (e+fx”2+ » (31+p)

(1+p) (2+p) AppellF1[3+p, 2+p, 5+p, 4+p, Tan[l (e+fx)],
2

|/

—Tan[% (e+Ffx)]] Sec[i (e+FxH2 Tan[% (e+fx)]
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(2+p) AppellF1[1+p, p, 5+p, 2+p, Tan|

N |

(e+fx)], -Tan|

N |

(e+fx)]]-
1
(5+p) AppellF1[2+p, p, 6+p, 3+p, Tan[g (e+fx)],

—Tan[l (e+-Fx>H Tan|

5 (e+FxH+pAppellF1[2+p,1+p,5+p,

N |

3+p, Tan[% (e+FxH, —Tan[g (e+Fx)HTan[§ (e+-Fx)] 2—

4 AppellF1[1+p, p, 6+p, 2+p, Tan[l (e+fx)], —Tan{l (e+fx)]]
2 2

1 1
[—— (6 +p) AppellF1[2+p, p, 7+p, 3+p, Tan| =~ (e+fx)],
2 2

—Tan[1 (e+fx)]] Sec[1 <e+fx)]2+lpAppellF1[2+p, 1+p,
2 2 2

6+p, 3+p, Tan|

N | R

(e+fx)], -Tan[

N |

(e+fx)]] Sec[% (e+-Fx)]2+

1 1
(2+p) ( (1+p) (6+p) AppellF1[2+p, p, 7+p, 3+p, Tan[= (e+Fx)],
2 (2+p) 2
—Tan[% (e+fx)]] Sec[i (e+fx)]2+ 5 <2+I:)>p (1+p) AppellF1[2 +p,

1+p, 6+p, 3+p, Tan[1 (e+fx)], —Tan[1 (e+fx)]] Sec[l (e+fx)}2
2 2 2

(6+p) (— (2+p) (7+p) AppellF1[3+p, p, 8+p, 4+p, Tan| = (e+fX) ],

N |

2 (3+p)

7Tan[1 (e+fx)]] Sec[1 (e+fx)]2+ p (2+p) AppellF1[3+p,
2 2

2 (3+p)

(e+fx)], —Tan[l

1+p, 7+p, 4+p, Tan| = (e+Fx)]|]sec|
2

N |
N |

(e+-FxH2J

- = (2+p) (6+p) AppellF1[3+p, 1+p, 7+p,

Tan[l(eJrfoer 2 (309]

2

(e+'FXH2+

4+p, Tan[ (e+fx)], —Tan[ (e+'Fx)H Sec[

N |

N |
N |

2 (3+p)

(1+p) (2+p) AppellF1[3+p, 2+p, 6+p, 4+p, Tan[l (e+fx)],
2

(2+p) AppellF1[1+p, p, 6+p, 2+p, Tan[l (e+fx)], —Tan[l (e+fx)]]-
2 2

—Tan[% (e+fx)]] Sec[% (e+fx”2 Tan{% (e+fx)]

(6 +p) AppellF1[2+p, p, 7+p, 3+p, Tan[l (e+fx)],
2

—Tan[1

;(e+fx>H Tan|

N |

(e+-FxH +pAppellF1[2+p, 1+p, 6+p,
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3+p, Tan{% (e+fx)], —Tan[% (e+-Fx)HTan[% (e+fx)] ‘.

AppellF1[1+p, p, 2+p, 2+p, Tan[1 (e+fx)], 7Tan[1 (e+fx)]]
2 2

[1+Tan[ (e+Fx)]

N |

(e+-Fx)],

4
[i (2+p) AppellF1[2+p, p, 3+p, 3+p, Tan|

N |

—Tan[

N |

(e+fx)]] sec| <e+fx)]2+EpAppellF1[2+p, 1+p,
2

N =

2+p, 3+p, Tan| <e+-Fx)],—Tan[ (e+fx)]2+

N |

(e+-Fx)H Sec|

N |
N |

(2+p)

1 1
-z +Pp) Appe +p, p, 3+p, 3+p, Tan| — (e+fXx]) |,
(1+p) A 11F1 |2 3 3 Tan| (e+f )]
2 2

—Tan[l(e+fx)“$ec[l(e+1‘:x”2+ !

p (1+p) AppellF1[2+p,
2 2 2 (2+p)

1+p,2+p, 3+p, Tan[% (e+1‘x>}, —Tan[% (e+fx>H Sec[% (e+FxH2J -

1 1
(2+p) |- (2+p) ApPellFL[3+p, p, 4=p, 4+p, Tan| (e« Fx] ],

7Tan[1 (e+Fx)]] Sec[l (e”:XHZJr

p (2+p) AppellF1[3+p,
2 2 2 (3+p)

1+p,3+p,4+p,Tan[~ (e+Fx)]|, -Tan[ = (e+fx)]] Sec]

N |

(e+-FxH2J

1
2

N |

Tan[

1 2
= op) (2+p)?AppellF1[3+p, 1+p, 3+p,

N |

(e+fx)]+p

4+p, Tan[% (e+Fx)], 7Tan[§ (e+fx)]] Sec[% (e+fx”2+

1 5
1 24p)H tricPFQ[ {2+ 2, 2+ pl, {2
2 (309] (1+p) (2+p) Hypergeometric QHZ + ) +p} {2

Tan[% (e+1°x)]2] Sec[% (e+1°x)]2 Tan{% (e+fx)]

(2+p) AppellF1[1+p, p, 2+p, 2+p, Tan[l (e+fx)], —Tan[l (e+fx)]]-
2 2

1
(2+p) AppellF1[2+p, p, 3+p, 3+p, Tan[ = (e+fx)],
2

—Tan[1 (e+fx)]] Tan[l (e+fx)]+pAppellF1[2+p, 1+p, 2+p,
2 2
1 1 1 2
3+p, Tan[g (e+-FxH, —Tan[; (e+-Fx)H Tan[; (e+-Fx)] J+
-p

2'Pp (2+p) (71+Tan[l(e+1‘x” Tan[l(emcx)]

1+p 2 2

1+Tan[§ (e+fx”)6p
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-1+p

N

{ Tan[l(eJrFxH

-1+ Tan[ (e+fx)]®

(—1+Tan[§ <e+fx)]2)p

({AppellF1[1+p, P, 2+p, 2+P, Tan[1 (e+fx)], 7Tan[1 (e+Fx)]]
2 2
4]/
1 1
[<2+p) AppellF1[1+p, p, 2+p, 2+p, Tan|[ = (e+~FxH, ~Tan| = (e+Fx)H -

2 2
(e+fx)H

(1+Tan[§ (e+fx)]

(2+p) AppellF1[2+p, p, 3+p, 3+p, Tan| = (e+fx) ]|, -Tan|

N |
N |

1
Tan| = (e+fx)| +pAppellF1[2+p, 1+p, 2+p, 3+p,
2
Tan[l (e+fx)], —Tan[l (e+fx)]] Tan[l (e+fx)]]-
2 2 2
[4Appe11F1[1+p, p,3+p, 2+p, Tan[1 (e+fx)], 7Tan[l (e+fx)]]
2 2
3]/

(<2+p) AppellF1[1+p, p, 3+p, 2+p, Tan[l (e+-FxH, —Tan[l (e+-Fx)H -
2 2

(1+Tan[§ (e+fx)]

(3+p) AppellF1[2+p, p, 4+p, 3+p, Tan[1 (e+Fx)], —Tan[l (e+Fx)]]
2 2

Tan[l (e+fx” +pAppellF1[2+p, 1+p, 3+p, 3+p,
2

Tan[i (e+Fx)], —Tan[% (e+fx)]] Tan[% (e+fx)

e

1

[8Appe11F1[1+p, p, 4+p, 2+p, Tan[ —
2

1/

N |

(e+-Fx)], -Tan|

(e+-Fx)]]

(1+Tan[l (e+fx)]

2
(<2+p) AppellF1[1+p, p, 4+p, 2+p, Tan[l (e+-FxH, —Tan[l (e+-Fx)H -
2 2
1 1
(4+p) AppellF1[2+p, p, 5+p, 3+p, Tan[g (e+Fx)], —Tan[g (e+fx)]]

Tan[l (e+FxH +pAppellF1[2+p, 1+p, 4+p, 3+p,
2

Tan[% (e+Fx)], —Ta”[i (e+fx)]] Tan[% (e fx)]] -

[8Appe11F1[1+p, p,5+p, 2+p, Tan[l (e+fx)], —Tan[l (e+fx)]]
2 2

|/

(1+Tan[§ (e+fx)]
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(2+p) AppellF1[1+p, p, 5+p, 2+p, Tan[l (e+fx)], —Tan[l (e+fx)]]-
2 2

1 1
(5+p) AppellF1[2+p, p, 6+p, 3+p, Tan{; (e+fx)], —Tan[; (e+fx)]]

Tan[l (e+-FxH +pAppe11F1[2+p, 1+p,5+p, 3+p,
2
Tan[l(ewa)],—Tan[1<e+fx)HTan[1(e+fx) +
2 2 2

]
1 1
(4Appe11F1[1+p, p, 6+p, 2+p, Tan| = (e+fx) |, —Tan[g (e+fx)]]]/
2

(<2+p) AppellF1[1+p, p, 6+p, 2+p, Tan[l (e+fx)], —Tan[l (e+fx)]]-
2 2

(6 +p) AppellF1[2+p, p, 7+p, 3+p, Tan[1 (e+Fx)], 7Tan[l (e+fx)]]
2 2

Tan[l (e+fx” +pAppellF1[2+p, 1+p, 6+p, 3+p,
2

Tan[% (e+Fx)], 7Tan[1 (e+fx)]] Tan[1 (e+fx)]

: SRl

Sec[%(e+-Fx)]2Tan{%(e+-FxH2 Sec[%(eﬂcx)]z }]]

2

[remanl fese [ 2 [aeTanl} fee ]

Problem 129: Result more than twice size of optimal antiderivative.
J(a+a$in[e+-Fx])m (gTan[e+ fx])Pdx

Optimal (type 6, 111 leaves, 4 steps):
1+p

AppellF1|1+p, s 1 (1-2m+p), 2+p, Sinfe+fx], -Sin[e+fx] ]
fg(1+p) 2 2

1

(1fsin[e+fx})1;_p (1+Sin[e+Fx})z(1'2m+p) (a+asSinfe+fx])" (gTan[e+fx])"P

Result (type 6, 3773 leaves):

(2(—3+p) AppellFl[L—p, -p, 1+m, ﬂ, Tan[1 (—e+£—fx 1% —Tan[l —e+ X fx }2]
2 2 2 2 2 2
1 7T 2 1 7T 1 s 2\ "
Cos |~ (7e+—7fx |"cot[ = [-e+ —-fx]|] Sec[—(7e+—ffx ] )
2 2 2 2 2 2
<a+aSin[e+fx})"'Tan[e+fx]'°(gTan[e+ij)p/ f(-1+p)
(ZpAppellFl[ﬂ, 1-p,1+m, 5_p) Tan[1 (—e+1—fx 1% —Tan[1 (—e+£—fx)]2} +2
2 2 2 2 2 2
3-p -P
(1+m) AppellFl[T,—p,2+m, —, Tan| (—e+ - fx

(-3+p) AppellFl[—l;p, -p, 1+m, 3-p
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Cot|

N |

2o

((2 (73+p> pAppellFl[ﬂJ ) 1+m) ﬂ; Tan[1 (7e+
2 2 )

7[ e+szx ]2] Cos |

7
(7e+*—'FX
2

1
2

] Secl[e + fx] Tan[e+fx]’1*p)/

((—1+p) (ZpAppellFl[—p 1-p,1+m, u, Tan[1 e+
2 2 2

-fx

RN

}2] +2 (1+m) AppellFl[3 p, -p, 2+m, 5—_p’ Tan[1
2 2 2

(_e+£-fo]2] +(-3+p) AppellFl[l_—p, -p, 1+m,
2

e

[°] cot|

N |

3-p 5
/((—1+p) (ZpAppellFl[T, 1-p,1+m, 5

ran(? (e T, -tan(E (e Do Y 22 (10m)
AppellFl[ﬂ, -p, 2+m, u, Tan[1 (—e+l—fx ]2, —Tan[1 (—e+z—fx }2} +
2 2 2 2 2 2
(-3+p) AppellFl{l;p, -p, 1+m, 3—_p, Tan[l (—e+£—fx]]2,
2 2 2 2
1 7T 1 7T 2
—Tan[f(—e+f—-Fx } ]Cot[f(—eJrf—-Fx} +
2 2 2 2
2m (-3+ )AppellFl[ﬂ,—p,1+m, B;p, Tan[l(—e A }2,
2 2 2 2
1 7T 2 1 7 2 1 7T 2\
—Tan[f -e+ —-Ffx ] ]Cos[* (7e+f—-Fx ] (Sec[f (—e+f—Fx ] )
2 2 2 2 2 2

Tan[e + fx]P

3-p 5-p
/((—1+p) (ZpAppellFl[T, 1-p, 1+m, 5

1
Tan[f [—e+z—fx

]2, —Tan[l (—e+£—fx
2 2

. . ] +2 (1+m)

AppellFl[3 p -p, 2+m, u, Tan[1 (7e+27fx ]2, 7Tan[1 (7e+£7fx }2} +
2 2 2 2 2 2
(-3+p) AppellFl[l_—p, -p, 1+m, 3—_p) Tan[l (—e AR ]2,
2 2 2 2
—Tan[l(—e+ﬂ—1:x)} ]Cot[l( E—-Fx) ]
2 2 2 2
(-3+p) AppellFl{l_ip -p, 1+m, 3—7p, Tan[l( D Ex ]2,
2 2 2
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—Tan[% [—e+§—fx]]2] Cot[% (—e

Tan[e + fx]°P

/ ((—1+p) (ZpAppellFl[ﬂ, 1-p,1+m, —p,

+§—fx)]2 (Sec[% (—e+§—1‘:x)]2)

2 2

-m

Tan[%(—e+§—fx]]2, —Tan{%(—e+§—fx)}2]+2(1+m)
AppellFl[ﬂ, -p, 2+m, 5—7p, Tan[1 (—e+I—Fx ]2, —Tan[l [—e+ -fx }2} +
2 2 2 2 2 2
1-p 3- 1 s 2
(-3+p) AppellF1[—, -p, 1+m, —, Tan| = (—e+——-Fx 1%
2 2 2 2
1 s 2 1 T 2
—Tan[—(—e+——fx} ]Cot[—(—e+——fx}] -
2 2 2 2
1 7T 2 1 7T 1 s 2\ "
(2 (—3+p)Cos[—(—e+——fx} Cot[—(—e+——fx] Sec[—(—e+——fx]
2 2 2 2 2 2
1 1-p . 1 2
(fi(l—p)pAppellFl[lJr ,1-p,1+m, 1+ ,Tan[f(—eJrf—-Fx 1%
3-p 2 2
1 7T 2 1 7 2 1 7T 1
—Tan[f[—eJrf—-Fx)] }Sec[*(—eJrf—-Fx] Tan[f —e+f—1‘x}—7
2 2 2 2 2 2 3-p
1-p 3-p 1 7T 2
(1+m) (1-p) AppellF1[1+ > =Py 2+m, 1+ ——, Tan| = (—e+——1‘:x)} B
2 2 2 2
1 7T 2 1 7T 2 1
—Tan{f(—e+f—-Fx} ]Sec[f(—eJrf—-Fx} Tan[f(—e+f—fx]
2 2 2 2 2
Tan[e + fx]P /((—1+p) (ZpAppellFl[ﬂ,l—p,1+m, 5—7p’
2 2
Tan[i [—e+§—fx ]2, —Tan[% (—e+§—fx }2]+2(1+m)
AppellFl[ﬂ, -p, 2+m, ﬂ, Tan[1 —e+§—-Fx ]2, —Tan[l —e+z—-Fx }2} +
2 2 2 2 2 2

(-3+p) AppellFl[—lip, -p, 1+m, 3-p
2

—Tan{% (—e+§—fx)}2] Cot{%

2

1-p 3- 1 7T
(2 (-3+p) AppellF1l[—, -p, 1+m, —, Tan{; (—e+;—1°x)} s
—Tan[l(—e+£—fx]]2]Cos[l(—e+£—fx)]2
2 2 2 2
1 7 1 7T PANL
Cot [~ (—e+—ffx | |sec[= [7e+—7fx ] ] (—(—3+p)
2 2 2 2
AppellFl[ﬂ, -p,1+m, ﬂ, Tan[1 e+ T fx ] s —Tan[l (—e+z—fx }2}
2 2 2 2 2 2
1 7T 1 7T 2 1 7 2
Cot |~ (7e+—71‘x | csc|= (7e+—7fx |"+ (-3+p) Cot|— [7e+—7fx ]
2 2 2 2 2 2
1 1-p 3 1 2
[77<1—p)pAppellF1[1+ ,1-p,1+m, 1+ ,Tan[f(—e+f—-Fx 1%
3-p 2 2
1 7T 2 1 7T 2 1 1
—Tan[f(—eJrf—-Fx ] ]Sec[*(7e+f—-Fx } Tan[f [—e+ -fx ]—7
2 2 2 2 2 3.p
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Problem 130: Unable to integrate problem.

J(a+a$in[e+fx])mTan[e+-Fx]3d1x

Optimal (type 5, 163 leaves, 4 steps):
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Result (type 8, 23 leaves):
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71+Tan[i(—e+§—-Fx)] —1+Tan[i(7e+§ffx)}
. - m . . m
—1+Tan[%(—e+;—fx)} 1+Tan[%(—e+;—fx)] )
_1+Tan[§(—e+§—fx)} —1+Tan[§(—e+§—-FxH
1-1 1+1
AppellFl[Z m, m, my, 1+2m, B ]

e [ |
16m Cos[%(—eJrf—-Fx ]7Sin[§ cer” - fx)]
Cos[%(—e+——fx ] +
Sin[i(—eJrg—-Fx]
g Sec[% (—e+f—1‘x ] ]7mTan[§(—e+ fx]

I

_ 1 3 1 e
4 mHypergeometric2F1[ =, 1+m, —, -Tan| — (—e+ —_fx
2 2 2 2

1 T 2\ M 1 T
Sec| - (*e+**‘FX ] ] Tan|— [—e+f—fx | - AppellF1[2m, m, m, 1+
2 2 2 2
1+1 1-1
2m,7 1 I ’ 1 s ]
*1+Tanb(—e+;7fx)} 71+Tan[—(7e+;7fx)]
,j+Tan[i(7e+§,fX)] m ]'1+Tan[l<*e+l7fx)} m+
*1+Tan[i(—e+§f1‘x)] 71+Tan[§(7e+171€x>]
1-1 1+1
AppellF1[2m, m, m, 1+2m, ,

1+Tan[% (—e+§—fx)] 1+Tan[% (—e+§—fx)]

i+Tan| (7e+ 7Fx)} m]

2

[1‘1+Tan[i (7e+17fx)] "

1
2
1+Tan[§(—e+’2—T—fx>] 1+Tan[§(—e+
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1 s 2\ " . 1 3
— |Sec| = (—e+——fx ] ) 2 mHypergeometric2F1[ =, 1+m, —,
8m 2 2 2 2
1 T 2 1
7Tan[—(7e+—ffx 1] Sec[—(fe —_fx )
2 2 2 2
2 . 1 3 1 7T 2
4m Hyper‘geometr‘1c2F1[f, 1+m, —, —Tan[f +——-Ffx } }
2 2 2 2
1 7T 2\ 1 7T 2
Sec[f(—eJrf—-Fx ] J Tan[7(7e+— fx } _
2 2 2 2
1+1

(1-4) m®AppellF1[1+2m, m, 1+m, 2+2m, -
71+Tan[§ (7e+§7fx)}

1-1 1 7T 2
- ]Sec[f(—e+—7-Fx} /
-1+ Tan| (—e+f -Fx)] 2 2
2
((1+2m> 1 Tan[l[—eJrz—fx] ] [<1+1)mAppellF1[1 2m, 1+m,
2 2
1+1 1-1
m,2+2m, - , - }
-1 Tan[ (—e+f—fx)] —1+Tan[ (—e+f—fx)]

—Ji+Tan[%(—e+§—-Fx)} 1+Tan[—(—e+——fx)] )
71+Tan[i(—e+§—fx)} —1+Tan[i(7e+§ffx)}
1+1
mAppellFl[Zm m,m, 1+2m, - )
71+Tan[§(fe+§ffx)}
7 1_1 | —1+Tan{%(—e+§—¥x)} e
71+Tan[7(—e+f—fx)] —1+Tan[i(—e+§—fx)}
1+Tan[i(—e+f—1:x)] " Sec{l(—e+f—-Fx)}2
71+Tan[§(—e+§—1cx)} 2(—1+Tan[%(—e+§—fx)])
7T 1 7T
Sec[—[—e+——fx]] [—i+Tan[—(—e+——fx]] )/
2 2 2 2
1 T 2
(2(—1+Tan[;(—e+;—fx)] ] - mAppellF1[2m, m, m,
1+1 1-1
1+2m,— - }
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—1+Tan[%(—e+§—fx)} [i+Tan[%(—e+——fx)] o
—1+Tan[i(—e+§—fx)} —1+Tan[i(—e+l—-Fx)]
Sec[l(—e+——fx)}2 1 n
2(—1+Tan[% (—e+5—1‘x)]) . Sec{z (_e+ Z_fx)}
(i+Tan[§[—e+§—fx ] )/(2 [—1+Tan[§(—e+2—fx ] JJ+
[—i+Tan[§(—e+§—fx)] " i+TanE(—e+§—-Fx)} "
1+Tan[§(—e+§—fx)] 1+Tan[%(—e+§—¥x)}
1-1

(1+1) m*AppellF1[1+2m, m, 1+m, 2+2m,

i

1+Tan[i (7e+§7-Fx)}
/

2
J] [<lj)m2AppellF1[1+2m,

1+1

1 7 2
1+Tan[i (—e+§—1‘x)] } SEC[; (—e+;—fx)}

“1+2m>

1 7T
1+Tan[f (7e+*7'FX
2 2

1-1 1+1
l1+m,m, 2+2m, > ]

1+Tan[% (—e+§—1:x)] 1+Tan[§ (—e+§—fx)}

//“1+2m) j

Sec[l(—e+£—fx)}z 1+Tan| m
2 2

(—e+§—fx]]

N |

AppellF1[2m, m, m, 1+2m,

1+Tan[§(—e+’2—T—fx>] 1+Tan[§(—e+5—fx
[“Ta"u(mﬂ)} P aeTan[ (e 2 X))
1+Tan[§(7e+§ffx)] 1+Tan[§(fe+§ffx)}
_ Sec[%(—e+z—fx }2(—1+Tan[§[—e+§—fx ] )/
" 2 Sec[%(—e+§—fx)}2
(2 [1+Tan[§ (—e+g—fx }) )]+2(1+Tan[z(e+2fx)]) +m

1-1 1+1

)

AppellF1 [2 m, m,m, 1+2m,

1+Tan[§ (—e+§—fx)] 1+Tan[i (—e+§—fx)]

i+Tan|> (—e+ —-Fx)] e

2

{—J'HTan[l (—e+§—fx)} "

s
2
s
2

1+Tan[i(—e+§—1:x)] 1+Tan[i(—e+ —-Fx)]

]
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- | |sec]

]

N |-

7T
(7e+—7fx

N |

2 (. b
] [1+Tan[ (7e+;7fx

|/

2 ec[t (-ex2-fx|]?
)]+2(5 ( )

1+Tan[§ (—e+1—fx)])

]

(2 (1+Tan[

N |

7T
(—e+——fx
2

2 1+m 1
2m |Sec| ] ] [—Hyper‘geometr‘icZFl[—, 1+m, —,
2

7))

N |

7T
[—e+——-Fx
2

—Tan[

N |

[7e+§—fx)}2} + [1+Tan[

N |

b
(—e+—f-Fx
2

Problem 133: Unable to integrate problem.

JCo’c[emcx}3 (a+asinfe+fx])"dx

Optimal (type 5, 83 leaves, 3 steps):
Cscle+fx]2 (a+aSin[e+fx])*" 1
2a%f 2a2f (2+m)

(2-m) Hypergeometric2F1[2, 2+m, 3+m, 1+Sin[e+fx]] (a+aSin[e+fx])2*’“

Result (type 8, 23 leaves):

JCot[e+fx}3 (a+asinfe+fx])"dx

Problem 134: Unable to integrate problem.

JCot[eH‘:x}5 (a+asinfe+fx])"dx

Optimal (type 5, 123 leaves, 4 steps):

(9-m) Cscle+fx]3 <a+aSin[e+fx1)3*m Cscle+fx]* (a+aSin[e+fx])3*m 1

1233'F 4a3'F 1233'F<3+m>
(12 -9m+m?) Hypergeometric2F1([3, 3+m, 4+m, 1+Sinf[e+fx]] (a+aSin[e+Fx1)3*m

Result (type 8, 23 leaves):

JCot[eH‘:x}5 (a+asinfe+fx])"dx

Problem 135: Unable to integrate problem.

j(a+a$in[e+fx])mTan[e+-Fx]4d1x

Optimal (type 5, 311 leaves, 6 steps):
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1 i s s ' 15 3
22" (9-12m-7m?+ 6m® + m*) Hypergeometric2F1[~, ~-m, =,

_ 1-Si f
3-F(1—m)m 272 2 < nter X]”

N |

Sec[e+fx] (1-Sin[e+fx]) (1+Sin[e+fx])i"m (a+asinfe+fx])"-
(Sec[e+-Fx] (a+aSin[e+-Fx])’1”" (a(6-m-7m*-m’) -a (9—6m—8m2—m3)Sin[e+fx]))/
aZSinfe+fx] (a+aSin[e+fx])’l”"Tan[e+-Fx]

3f(1-m)m(1-Sinfe+Ff + N
(3F(1-m)m(1-Sinfe+fx])) F(1-m) (a-asSinfe+fx])

-1+m

a’sinfe+fx]? (a+aSinfe+fx]) Tan[e + f x]

fm(a-asSinfe+fx])

Result (type 8, 23 leaves):

J(a+a$in[e+fx])"'Tan[e+fx]4dlx

Problem 136: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(a+asin[e+-Fx])’"Tan[e+fx]2dlx

Optimal (type 5, 157 leaves, 5 steps):

Secle+fx] (a+asSin[e+fx])" 1
.
f(l-m)m f(l-m)m
. _ 1 3 1 1 )
2™ (1-m-m?) Hypergeometric2F1|[-—, ~-m, —, = (1-Sin[e+fx])] Sec[e+fXx]
2 2 2 2
Sec[e+fx] (a+aSin[e+fx])*"

(1+Sin[e+-Fx])i"m (a+asinfe+fx])"-
afm

Result (type 6, 25720 leaves) : Display of huge result suppressed!

Problem 138: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

jCo‘c[eJrFx}2 (a+asin[e+fx])"dx

Optimal (type 6, 89leaves, 3 steps):

1 3 1 5

1 . .
—_—2/2 AppellFl[—er, -—, 2, —+m, — (1+Sln[e+fx]), 1+Sln[e+fx]]
a’f (3+2m) 2 2 2 2

Sec[e+fx]\/1-Sin[e+fx] <a+aSin[e+-Fx])2”"

Result (type 6, 47 775 leaves) : Display of huge result suppressed!
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Problem 139: Unable to integrate problem.
JCo’c[ewa]4 (a+asinfe+fx])"dx

Optimal (type 6, 89leaves, 3 steps):
3 7

1 5 1 . .
———————4~/2 AppellF1[=+m, - =, 4, —+m, — (1+sinfe+fx]), 1+Sinfe+fx]]
a*f (5+2m) 2 2 2 2

Secle+fx]/1-Sin[e+fx] (a+aSin[e+fx])>"

Result (type 8, 23 leaves):

JCot[ewa}“ (a+asinfe+fx])"dx

Problem 158: Result more than twice size of optimal antiderivative.

JCot[c+dx}4 (a+bSin[c+dx])2dlx

Optimal (type 3, 133 leaves, 13 steps):

5 3b2x 3abArcTanh[Cos[c+dx]] 3abCos[c+dx] a?Cot[c+dx] 3b2Cot[c+dx]
a® X — + - + - +
2 d d d 2d

b2Cos[c+dx]?Cot[c+dx] abCos[c+dx] Cot[c+dx]? a?Cot[c+dx]3

2d d 3d

Result (type 3, 293 leaves):
(2a2-3b?) (c+dx] 2abCos[c+dx]
2d ) d
(4a2Cos[§(c+dx”73b2Cos[§(c+dx)])Csc[§(c+dx)] aszc[i(c+dx)]2

+

6d 4d
a2Cot[§ (c+dx)] Csc[i (c+dx)]2 3abLog[Cos[i (c+dx)]] 3abLog[Sin[i (c+dx)]]

244d ' d ) d :
abSec[i (c+dx>]2 Sec[i (c+dx)] (—4aZSin[§ (c+dx)] +3bZSin[i (c+dx)])

+ —

4d 6d
b25in[2 (c+dx)] ) a’sec| > (c+dx)]2Tan[% (c+dx)]
4d 24d

Problem 175: Result more than twice size of optimal antiderivative.

Cot[c+dx]>
J dx

a+bSin[c+dx]

Optimal (type 3, 148 leaves, 3 steps):
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b (2a?-b?) Csc[c+dx] (2a?-b?)Csc[c+dx]? bCsclc+dx]3
- + +
atd 2a3d 3a2d
Csclc+dx]4 (aszz)zLog[Sin[c+dx]] (aszz)zLog[a+bSin[c+dxH
. _

4ad a°d a°d

Result (type 3, 347 leaves):

(—11a2bCos[i (c+dx)] +6b3C05[i (c+dx”)Csc[i (c+dx” (7a%-4b?) Csc[% (c+dx)]2

+ +

12 a*d 32a3d

bCot[> (c+dx)]Csc[? <c+dx)]2 Csc|[> (c+dx)]4 a*-2a2b2+b*) Log[Sin[c+dx]]
2 2 - 2

24 a%d 64 ad a°d

(-a*+2a%b? -b*) Log[a+bSin[c+dx]] (7a%-4b?) Sec[i <c+dx)]2

+ —

a°d 32a3d
Sec[i (C+dXH4 Sec[i (c+dx)] (711a2bsin[i (c+dx)] +6b3sin[i (c+dx”)
64 ad ' 12 a*d '

bSec[i (c+dx)}2Tan[% (c+dx)]

24 a2d

Problem 179: Result more than twice size of optimal antiderivative.

Cot[c+dx]?
J dx

a+bSin[c+dx]

Optimal (type 3, 154 leaves, 7 steps):

braTan| > (c+d x)

2 (a2 - b?) 3/2 ArcTan|

Jaor b (3a%-2b?) ArcTanh[Cos[c +dx]]
a*d ) 2a%d '
(4a%-3b%) Cot[c+dx] bCot[c+dx]Csc[c+dx] Cot[c+dx]Csc[c+dx]2
3ad ' 2a%d ) 3ad

Result (type 3, 350 leaves):
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2 (a2—b2>3/2 Ar‘CTan{seCE(HdX)] (bCosH—(c+dx)]+aSin“—(c+dx)H ]

a%-b?

a*d i
(4a2Cos[% (c+dx) ] —3b2Cos[§ <c+dx)]) Csc[% (c+dx) ] szc[% (c+dx)]2
6ad : 8a%d }
Cot[% (c+dx)] Csc[% (c+dx>]2 (-3a2b+2b%) Log[CosE (c+dx)]]
24ad : 2a%*d :
(3a2b-2b?) Log[Sin[% (c+dx)]] _bSec[% (c+dx)]2 )

2a%d 8a%d
Sec[i (c+dx)] (—4azsin[% (c+dx)] +3bZSin[i (c+dx”)

.
6ad

Sec[% (c+dx”2Tan[i (c+dx)]

24 ad

Problem 186: Result more than twice size of optimal antiderivative.

dx
2

J Cot[c+dx]°
(a+bsin[c+dx])

Optimal (type 3, 188 leaves, 3 steps):
4b (a?-b?) Csc[c+dx] (2a?-3b?) Csc[c+dx]?

+ +
a’d 2a*d
2bCscc+dx]® Csclc+dx]* (a*-6a*b>+5b*) Log[Sin[c+dx]]
3a3d ) 4a2d 26 d N
(a*-6a2b?+5b*) Log[a+bSin[c+dx]] (az—bz)2
ad +a5d(a+bsin[c+dx})

Result (type 3, 380leaves):
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(—11a2bCos[i (c+dx)] +12b3Cos[% (c+dx)]) Csc[% (c+dx)]

6a°d "
(7a2—12b2)Csc[% (c+dXH2+ bCot[i (c+dx)] Csc[i (c+dx)]2 )

32a%*d 12a3d

Csc[%(c+dx”4 (a*-6a2b?+5b*) Log[Sin[c+dx]]
+

+
64 a2d a®d

(-a*+6a*b?-5b*) Log[a+bSin[c+dx]] (7a2-12b?) Sec{% (C+dXH2

+ —

ad 32a%d
Sec[% (crdx)]* Sec[i (c+dx) ] (—11a2bSin[i (c+dx) ] +12b3Sin[i (c+dx)])
+ +
64 a>d 6a°d
(a—b)z(a+b)2 bSec[i(Cerx)]zTan[i(c+dx>]
.
a®d (a+bsinfc+dx]) 12a3d

Problem 192: Result unnecessarily involves imaginary or complex numbers.

Tan[c+dx]°
J( dx

a+bSin[c+dx])3

Optimal (type 3, 321 leaves, 5steps):
(8a?-5ab-b?) Log[1-Sin[c+dx]] (8a?+5ab-b?) Log[l+Sin[c+dx]]

- +

16 (a+b)°d 16 (a-b)°d
a® (a*+13a%b?+10b*) Log[a+bSin[c+dx]] as
(a2-b?)°d _2<a2—b2)3d(a+bSin[c+dx])2_

a* (a?+5b?) Sec[c+dx]* (a (a?+3b?) -b (3a2+b?) Sin[c+dx])
(az-bz)“d(a+b$in[c+dx])+ 4 (a?-b%)°d 7
Sec[c+dx]? (8a° (a?+5b2) -b (27a*+22a%b? - b*) Sin[c+dx])

8 (a?-b2)*d

Result (type 3, 588 leaves):
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2i (a’+13a°b?+10a°b*) (c+dx] 1
- +

(a-b)* (a+b)°d 8 (a-b)°d
i (-8a*-5ab+b*) ArcTan|Csc([c+dx] Cos[l(c+dx)]—Sin[1(c+dx)]

2 2
Cos[l(c+dx)}+Sin[l(c+dx)] ]+;j (-8a%+5ab+b?) ArcTan|
2 2 8 (a+b)°d
1 .1 1 .ol
Csc[c +dx] Cos[;(c+dx)]—$1n{g(c+dx” Cos[;(c+dx)]+$1n[;(c+dx)] |+
(-8a%+5ab+b?) Log[(Cos[%(c+dx)]fsin[§(c+dx>])2]
16 (a+b)°d

+

(-8a2-5ab+b?) Log[(Cos[i (c+dx) ] +Sin[% (c+dx>])2]
16 (a-b)°d
(a”+13a°b? +10a%b*) Log[a+bSin[c+dx]]
(az—bz) d
1

+

16 (a+b)’d (Cos[i (c+dx)] —Sin[i (c+dx>])4
-7a-b

16 (a+b)*d (Cos[i (c+dx)] —Sin[% (c+dx)])2
1

16 (a-b)>d (Cos[% (c+dx)] +Sin[§ (c+dx>])4

-7a+b

16 (a-b)*d (Cos[i (c+dx)] +Sin[§ (c+dx)])2

a’ at (a2+5b2)

2(a-b)’(a+b)’d (a+bSin[c+dx])?> (a-b)* (a+b)*d (a+bSin[c+dx])

Problem 193: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Tan[c+dx]3
J dx
(a+bSin[c+dx])3

Optimal (type 3, 232 leaves, 4 steps):
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(2a-b) Log[1-Sin[c+dx]] (2a+b) Log[1l+Sin[c+dx]]

4 (a+b)*d ) 4 (a-b)*d _
a(a*+8a?b?+3b%) Log[a+bSin[c+dx]] a3
(a?-b2)*d +2(a2—b2)2d(a+bSin[c+dx])2+
a’ (a?+3b?) +Sec[c+dx12 (a(a?+3b%) -b(3a%+b?) Sin[c+dx])
(az—b2)3d(a+bsin[c+dx]) 2(a2—b2>3d

Result (type 3, 471 leaves):
2i (a®+8a’b?+3ab*) (c+dx) 1

+

(a-b)* (a+b)*d 2 (a+b)*d

i (2a-b) ArcTan[Csc[c+dx] (Cos[% (c+dx)] 7Sin[§ (c+dx)]

|+

1

e | (Za+b) Ar‘cTan[
2 (a-b)*d

Cos[i (c+dx)] +Sin[% (c+dx)]

Csc[c +dx] Cos[l(c+dx)]fsin[l(c+dx)] Cos[l(c+dx)]+sin[1(c+dx)] |+

2 2 2 2
(2a-b) Log[(Cos[% (c+dx) ] —Sin[i <c+dx)])2} )
4 (a+b)*d
(2a+b) Log[(CosE (c+dx)]+sin[2 (c+dx)])2} )
4 (a-b)*d
(-a>-8a’b?-3ab*) Log[a+bSin[c+dx]]
(a-b%)"d '
1 +
4 (a+b)’d (Cos[i (c+dx)] —Sin[i (c+dx)])2
1
4 (a-b)’d (Cos[% (c+dx)] +Sin[i (c+dx)])2
a3 a? (a%+3b?)

+

2 (a—b)2 <a+b)2d (aerSin[chdx])2 (a—b)3 (a+b)3d (a+bsin[c+dx])

Problem 203: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(a+b5in[e+¥x])3 (gTan[e +fx])Pdx

Optimal (type 5, 271 leaves, 10 steps):
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a® Hypergeometric2Fi[1, 14;1, 34;3, ~Tan[e + fx]?| (gTan[e+-Fx})1*p 1
N
fg(l+p) fg(2+p)
1 1 2 4
3a’b (Cos[e+Fx}2)TPHyper‘geometricZFl[ +p’ +p, +p, Sinfe+fx]?]
2 2 2
1 1P
Sinf[e + f x] (gTan[e+fx1)1*p+—b3 (Cos[e+fx]?) .
fg(4+p)
i 1+p 4+p 6+p i ) . 3 1+
Hypergeometric2Fi | s s , Sinfe+fx]?| Sinfe+fx]? (gTan[e+fx])""P+
2 2 2
) . 3+p 5+p ) 34
3 ab? Hypergeometric2fF1[2, —, , -Tan[e+fx]?]| (gTan[e+fx])>P
fg*(3+p) 2 2

Result (type 6, 16820 leaves):

a3 (3+p) AppellFl[lj, p, 1, 3+7p, Tan[1 (e+fx)]2, —Tan[l (e+-FxH2]
2 2 2 2
Tan|[ Ll (e+ fx P
Tan[l<e+fx)] - il )| /((1+p) [1+Tan[l(e+fx)]2
2 ~1+Tan[t (e+fx)]? 2
2
((3+p) AppellFl[h—p, p, 1, 3+p,Tan[l (e+fx)]2, —Tan[1 (e+fx)}2} -
2 2 2 2
Z(AppellFl[h—p, P, 2, 5+_p’ Tan[l(e+fx”2,—Tan[l(e+fx)]2}—
2 2 2 2
3+p 5+p,Tan[l(e+fx)]2,

p AppellFl[——, 1+p, 1,
2 2

+

NP

-Tan]| (e+fx>]2}) Tan| (e+-FxH2)

N |

(e+fx)]’]

N |

[12ab2 (3+p) AppellFl[l?p, p, 2, %p, Tan[i (e+-Fx) ]2, —Tan[

2

Tan[1 (e+fx)]

) Tan[i (E+fx)]>]2JpJ/(<1+p> [1+Tan[§ (e“cx)]z

2 ~1+Tan|[> (e+fx
[(3+p) AppellFl[h—p, P, 2, 3+p) Tan[1 (e+fx)]2, —Tan[1 (e+fx”2} +
2 2 2
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2 2 2 2

4 +
p.vl*p,- 4J1+—p)

2+
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—Tan[% (e+fx”2} Sec[% (e+-FxH2Tan[§ (e+fx)]+ .
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Problem 204: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

a+bSinfe+fx])? (gTan[e+fx])Pdx
( )

Optimal (type 5, 186 leaves, 8 steps):
a? Hypergeometric2F1[1, 1—;‘1, 3—;‘1, ~Tan[e +fx]2]| (gTan[e+fx])"P 1
N
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s s , Sinfe + fx]?]
2 2 2
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Result (type 6, 10333 leaves):

(e+-Fx)] {
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21*PTan[ [2( H
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2
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Tan[l (e+FxH2)) Tan[e+fx] P (gTan[e+fx])P

2
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N |

5+p

(e+fx)]2]+pAppellF1[3;7p,1+p, 2,
1 2 1 2 1 2
2 ,Tan[;(eﬂcx)] s 7Tan[;(e+Fx)] ] Tan[;(em‘x)] )]7

4b? (3+p) AppellFl[lJr—p, P, 3, 3+_p, Tan[1 (e+fx)]2, 7Tan[1 (e+fx)]2]]/
2 2 2 2




Mathematica 11.3 Integration Test Results for 4.1.1.3 (g tan)”p (a+b sin)~m.nb | 159

[(1+p) ((3+p> AppellFl{lJer, P, 3, 3+P

—Tan[l (e+fx”2} +2 —3AppellF1{3+—p, p, 4, 5+_p) Tan{l (e+1°x)]2,
2 2 2 2

| =

~Tan (e+fx)]2] +pAppe11F1[3+—p, 1+p, 3, 2P
2

]

(e+-Fx)

/[

s Tan[l (e+Fx”2, —Tan[l (e+fx)]2} +2 [—ZAppellFl[
2 2

6+p

[2
Tan[% (e+-FxH2, —Tan[l (e+-Fx)

T
" an|
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Tan[l(eJr-FxH 1+Tan[l(e+fx)}2] (4+p) AppellF1|
2 2

4+p
2

4 +

P
s P 3,

- Tan[% <e+‘cx>]2’ ~Tan|
2, 6;719’ Tan[% (e+fXH2, —Tan[i (eﬂcx)]z” Tan[% (EHCXHZ])] '

N |

(e+fx)]2] +pAppellF1[u, 1+p,
2

p

1 Tan[i(ewa)]

2P Sec|

(e+-FxH2 [—

N |

(1+7an[2 e+ fx)]?)’ ~1+Tan[2 (e+fx)]?

([a2 (3+p) AppellFl[lJrip, p, 1, 3+7p, Tan[1 (e+fx)]2, —Tan[l (e+fx)]2]
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2 (AppellFl[H, p, 2, 5+7p, Tan[1 <e+fx)]2, —Tan[l (e+fx)]2] -
2 2 2 2

pAppellFl[?H—p, 1+p, 1, 5+_p, Tan[1 (e+fx)]2, 7Tan[1 (e+fx”2}
2 2 2 2
Tan[1 (emcx)]z]] + (b (4+p) Appe11F1[2+—p, P, 2, 4;p)
2 2

Tan[% (e+fx)]2, 7Tan[§ (e+fx)]2] Sec[% (e+fx)]2)/

[(2+p) ((4+p) AppellFl[h—p, P, 2, 4;'3, Tan[1 (e+fx)]2, 7Tan[l (e+fx”2] +
2 2 2 2
2(—2AppellF1[4+—p, p, 3, 6+_p’ Tan[l(eﬂcx)}z,—Tan[l(e+fx)]2}+
2 2 2 2
pAppellFl[u, 1+p, 2, 6+_p) Tan[l (e+fx)]2,
2 2 2
1 2 1 2
—Tan[;(eﬂcx)] ]JTan[; (e+fx) | J)+
(2b(4+p) Tan[1 (e+fx)] (7 2 (2+p) AppellF1[1+2+—p, p,3, 1+ P
2 44p 2 2
Tan[l(e+fx)]2,—Tan[l(e+-Fx)]2]Sec[1(e+Fx)]2Tan[l(e+-FxH+
2 2 2 2
p(2+p) Appe11F1[1+2+p,1+p, 2,1+4+p,Tan[1(e+fx)]2,

4+p 2 2 2

|/

2 1 2
(e+fx)]7, —Tan{; (e+fx)]7] +

—Tan[l (e+fx>]2} Sec[% (e+-Fx>]ZTan[ (e+fx)]

2

N |

[(2+p) ((4+p) AppellFl[ﬂ, p, 2, u, Tan|
2 2

N |
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2 —2Appe11F1[4+—p, p, 3, 6+_p’ Tan[l (e+fx”2, —Tan[l (e+fx)]2} +
2 2 2 2
pAppellF1[4;p, 1+p, 2, 6+_p) Tan{l (e+Fx)]2, —Tan[l (e+fo2}
2 2 2 2
Tan[l (e+fx)]2J] - (a (3+p) AppellFl{lJr—p, p, 1, 3+_p)
2 2 2
Tan[l(eﬂcx)]z, —Tan{l(e+-Fx)]2]Sec{l(e+Fx)]2
2 2 2
[—2 (AppellFl[Bj, p, 2, 5+7p, Tan[1 (e+fx)]2, —Tan[l (e+-FxH2] -
2 2 2 2
pAppellFl[u, 1+p, 1, 5+7p, Tan[1 (e+-Fx)]2, —Tan[l (e+fx)}2}
2 2 2 2
Sec[l(e+fx)]2Tan[l(e+fx)]+(3+p) —L(1+p)AppellF1[1+1+p,
2 2 3.p 2

p, 2,1+ 3+p, Tan[1 (e+-Fx)]2, —Tan{l (e+FxH2} Sec[1 (e+fx”2
2 2 2

Tan[l(e+fo+ p<1+p)AppellF1[1+1+p,1+p, 1,1+3+p,
2 3.p 2
Tan[l(e+fx”2,—Tan[l(e+fx)]2]5ec[1(e+fx)]2Tan[l(e+fx” -
2 2 2 2
2Tan[1(e+fx)}2 o1 2(3+p)Appe11F1[1+3+—p, b,3,1: 2P
2 54p 2 2
Tan[l(erFx)]Z,—Tan[l(eﬂcx)}z} Sec[l(e+fx”2Tan[l(e+fx)]+
2 2 2 2
! p(3+p)AppellF1[1+3+p,1+p, 2,1+5+p,Tan[1(e+~Fx)]2,
54p 2 2 2
1 2 1 2 1
—Tan[;(eﬁ:x)] ]Sec[;(eﬁ:x)] Tan[;(e+fx”—

3+p

p |- ! (3+p) AppellF1[1+ ,1+p, 2,1+5+—p,Tan{l(e+fx)]2,
54p 2 2 2

—Tan[% (e+fx)]2] Sec[% (e+fx)]2Tan[§ (e+fx)]+ .

+P

(1+p) (3+p) AppellFi[1+ 3P aip, 1,1 2P

7Tan[§ (e+fx”2} Sec[% (e+fx”2Tan[§ (e+fx)]

[(1+p) ((3+p> Appe11F1[1+Tp, P, 1, t—p, Tan[% (e+£x)]%,

3+p 5+

~Tan| (e+1:x)]2]—2 AppellF1| , P, 2, 7p, Tan[l(e+1:x)]2,
2 2

N |

—Tan[1 (e+Fx)]2] —pAppellFl[ﬂ, 1+p, 1, 5+7p,
2 2 2

Tan[% (e+fx)]2, —Tan[i (e+fx”2} Tan[% (e+fx)]2)2J _

2b (4+p) AppellFl[ﬂ, p, 2, 4;p, Tan[l (e+FxH2, —Tan[
2 2 2
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Tan{l (e+fx)] (2 [—ZAppellFl{M—p, P, 3, 6+_p) Tan{l (e+1cx)]2,
2 2 2 2
—Tan[l (e+1°x)]2] +pAppe11F1[4;p, 1+p, 2, 6+p, Tan[l <e+fx)]2,
2 2 2 2
—Tan[l(e+1=x)]2] Sec[l(e+fx>]2Tan[1(e+Fx)]+
2 2 2
(4 +p) [- ! 2 (2+p) Appe11F1[1+2+—p, P, 3,1+u, Tan[l(e+fx)]2,
44p 2 2 2
—Tan[%(eﬂcxﬂz} Sec[%(e+fo2Tan[§(e+fx)]+4+p

+P

4
,1+p, 2, 1+

p(2+p) Appe11F1[1+2 +p,Tan[§(e+fX)]2,

7Tan[1 (e+fx)]2] Sec[1 (eJrfx)]zTan[1 (e+fx)] +2Tan[1 (e+fx)]2

2 2 2 2
(_2[_ 1 3<4+p)Appe11F1[1+4+p,p,4,1+—6+p,Tan[l(e+fx)]2,
6+p 2 2 2
1 2 1 2 1 1
-Tan|— (e+fx Sec|— (e+fx)| Tan|— (e+fx
[ (e ex T secl (e )] Tan [ e )]+

p(4+p) AppellF1[1+ P 1 p 3,00 8P qan L el £x) )7,
2 2 2

(e+fx) ]|+

N |

—Tan[% (e+fx)}2} Sec[% (e+fo2Tan[

p |- ! 2(4+p)Appe11F1[1+4+p,1+p, 3,1+6+p,Tan[E(e+FxH2,
6+p 2
1 2 1 2 1 1
Tan[= (e f sec[= (e+fx)] Tan[= (e+f
an[2 (e+ x)] ] ec[2 (e+ x)] an[2 (e+ X>}+6+p
4+p 6+p 1
(1+p) (4+p) AppellF1[1+ , 24P, 2, 1+ —, Tan[ = (e+fx) ]|,
2 2
—Tan[l(e+fx)}2} Sec[l(e+-FxH2Tan[1(e+fx)] ))]/
2 2 2
[(2+p) ((4+p> Appe11F1{2+—p, P, 2, 4+p,Tan[l (e+fx)]2, —Tan[l (e+fx”2] +
2 2 2 2
2 (—ZAppellFl[m, P, 3, 6+_p) Tan[l <e+fx)]2, —Tan[l (e+fx)]2] +
2 2 2 2
pAppe11F1{4+—p, 1+p, 2, 6+_p’ Tan[1 (e+-Fx>]2,
2 2 2

Tan[ > e £x) )] Tan[%(e+~Fx)]2)2J]Tan[e+fx}p)]

Problem 206: Result more than twice size of optimal antiderivative.

dx

J<gTan[e+Fx])p

a+bSin[e + fx]

Optimal (type 6, 284 leaves, 0steps):
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b2 Cos[e+fx]2 S (-1+p) . 1-p 1-p 3-p
agl|l-—m—mmm Hypergeometric2F1 [ R R R
-a?+b? 2 2 2

Cos[e+ f x]2 - DiCoslesfxl® 1p
b ] (Sin[e+fx]2)T(gTan[ewa})’l*" /((aszz)f(71+P>)+

1- b% Cos[e+f x]2

-a%+b?

b2 Cos[e + f x]?

—a?+b?

/ ((-a2+b2) £ (-1-p))

1- 3 -
[J —E, 1, J,Cos[ewa]z, | Cos[e+fx]

(b AppellF1 ,
2

(sinfe+fx]2)™? (gTan[e+fx])P

Result (type 6, 3354 leaves):
Hypergeometric2F1[1, 1—;"—, 3—;"—, (71+ Z—i) Tan[e + f x]2]

a (1+p)

Tan[e+fx]*P (gTan[e+fx])P

Hyper‘geometr‘icZFl[i, 1+ ‘;—, 2+ g—, ~Tan[e + fx]2| Tan[e + f x]

2b+bp )
2 1 4 -a?+b?) Tan[e + f x]?
a’ (a®-b?) (4+p) AppellFl[;p, -=,1, +p, ~-Tan[e +fx]2, ( ) [ ]
2 2 2 a?
Tan[e + f x] \/1+Tan[e+Fx]2 /{b(2+p)

2

) 2+p 1 4+p ) b )
a‘ (4+p) AppellFl[i,—f, 1, , —Tan[e+fx]%, |-1+ —| Tan[e + f Xx] ]+
2 2 2 a2
4 1 6 b?
(—Z(az—bz) AppellF1| +p,——, 2, +p,—Tan[e+fx]2, (—1+—) Tan[e+fx]2] +
2 2 2 a2
5 4+p 1 6+p 5 b2 5
a AppellFl[ >y —» 1, , —Tan[e+fx]%, |-1+ —| Tan[e + f X] }
2 2 2 a2
Tan[e+fx]?| (b®Tan[e+fx]?-a? (1+Tan[e+fx}2>)] /
f(a+bSinfe+fx]) |(1+p)Sec[e+fx]>Tan[e+fx]P
HypergeometricZFl[l, %1, 3—;9, (—1+ :—z) Tan[e+-Fx]2] 1
2b+bp

a (1+p)

1
Hyper‘geometr‘icZFl[f, 1+ B, 2+ E, —Tan[e+fx}2] Tan[e +f x] -
2 2 2
p 1 4+p

2
a’ (a*-b?) (4+p) AppellFl[;, -1, , -Tan[e+fx]?,
2 2 2

/[b (2+p)

-a%+b?) Tan[e + fx]?
( ) ; [ ] ]Tan[e+1‘x]\/1+Tan[e+-Fx]2

a
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) 2+p 1 4+p ) b2 )
a’ (4 +p) AppellFi]| ,-—, 1, , -Tan[e+fx]?, [-1+ —| Tan[e+fx]?] +
2 2 2 a2
P 4+p 1 6+p ) b?
-2 (a% - b?) AppellF1| ,-—,2, —, -Tan[e+fx]2, |-1+ —
2 2 2 a2
4 1 6 b2
Tan[e + f x]?] +a2AppellF1[;p, =, 1, +p’ ~Tan[e+fx]?, [—1+ 2]
2 2 a

Tan[e+1°x]2}] Tan[e + f x]?2

(b>Tan[e+fx]%-a° (1+Tan[e+fx]2))] +

1 1
Tan[e + fx]*P | - ————Hypergeometric2F1[ =, 1+ E, 2+ E, -Tan[e +fx]?| Sec[e+fx]? -
2b+bp 2 2 2

1
—2 (1+E] Sec[e + fx]?

2b+bp 2
. 1 p p ) 1
—Hyper‘geometr‘1c2F1[f, 1+—,2+—, -Tan[e +fx] } + +
2 2 2 \/1+Tan[e+1‘x]2
2 1 4
[a2 (a®-b%) (4+p) AppellFl[;p, -1, +p’ ~Tan[e+fx]?,
2 2

(-a?+b?) Tan[e + £ x]?

| Tan[e + f x] (-2a®Sec[e+fx]?Tan[e+fx] +

/[b (2+p)

a2

2b*Sec[e+fx]*Tan[e+fx]) \/1+Tan[e+1cx]2

) 2+p 1 4+p 5 b2 5
a’ (4+p) AppellF1] s - —5 1, » ~Tanfe+fx]?, | -1+ —| Tan[e+ fx] |+
2 2 a
4 1 6 b2
[—2<a2—b2)AppellF1[ +p,——, 2, +p,—Tan[e+fx}2, [—1+—J
2 2 2 a?
) ) 4+p 1 6+p ) b2
Tan[e + f x] }Jra AppellFl[ >y —» 1, , —Tan[e+fx]%, |-1+ —
2 2 2 a?

Tan[e+fx]?] | Tan[e + fx]?

(b>Tan[e+fx]%-a° <1+Tan[e+fx}2))2J -

+P

2 1 4
[a2 (a>-b%) (4+p) AppellF1[—, - —, 1, P
2 2

, -Tan[e +fx]2,

(-a2+b?) Tan[e + fx]2

| secie+fx]?Tan[e+fx]?

/[b (2+p) \/1+Tan[e+1cx]2

aZ
bZ

, -Tan[e + fx]?, (—1+ —2) Tan[e+fx]?] +
a

4+p
2

) 2+p 1
a’ (4 +p) AppellF1|—, - =, 1,
2 2

4 1 6 b2
[2 (a® - b%) AppellF1| +p, -=, 2, +p, ~-Tan[e+fx]2, [1+ —]
2 2 2 a2
4 1 6 b2
Tan[e +f x]?] +a2AppellF1[Lp, =, 1, +p, ~Tan[e +fx]2, [—1+ —2]
2 2 a
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Tan[e+fx]ﬂ) Tan[e + f x]?

(b*Tan[e + fx]? - a? (1+Tan[e+fx12))] -

2 1 4
[a2 (a®>-b%) (4+p) AppellFl[;p, -1, +p’ ~Tan[e+fx]?,
2

2 2
-a%+b?) Tan[e+ fx]?
( ) ]Sec[eﬂcx]z\/1+Tan[e+fx}2 /(b (2+p)
a2
2 1 4 b2
[az (4+p) AppellFl[;p, -=,1, +p’ ~-Tan[e+fx]2, (1+ J Tan[e+fx]?] +
2 2 2 a?
4 1 6 b2
[—Z(az—bz)AppellFl[ +p,——, 2, +p,—Tan[e+fx}2, [—1+—J
2 2 2 a?
s 4:p 1 _ 64p , b2
Tan[e + f x] }Jra AppellFl[ >y —» 1, , —Tan[e+fx]*, —1+7
2 2 a

Tan[e+fx]2}J Tan[e + f x]?2

(b>Tan[e+ fx]%-a° (1+Tan[e+fx}2))] -

[a2 (a*-b?) (4+p) Tan[e + fx]

; 2 (-a®+b?) (2+p) AppellF1[1+
ac (4+p)

2 ~a?2+b?) Tan[e + fx]?
+p,_ , 2,1+ +p,—Tan[e+Fx}2,( ) [ J | secie+ fx]?
2 32
2+p 1 4+p )
Tan[e +fx] + (2+p) AppellF1[1+ , =, 1,1+ ——, -Tan[e + £x]3,
44p 2 72 2
-~a2+b?) Tan[e + fx]?
( ) ; [ J | secle+fx]2Tan[e +fX] \/1+Tan[e+1cx]2 /
a
2 1 4 b2
[b (2+p) [az (4 +p) AppellFl[;p, -=,1, Lp, ~-Tan[e +fx]2, [-1+—2J
2 2 a
4 1 6
Tanle + fx]2] + —Z(az—bz)AppellFl[;p,—f, 2, +p,
2 2 2
b2 4
~Tan[e+fx]?, (—1+2J Tan[e+fx]?] +a2Appe11F1[;p, s
a 2

6+p
2

2

b
-1+ —J Tan[e + f x]?]
aZ

1, , -Tan[e +fx]2,

Tan[e + f x]?

(b*Tan[e+fx]*-a? (1+Tan[e+fx]2)>] +1Csc[e+1°x} Sec[e + fx]
a

. 1+p 3+p b?
- Hypergeometric2Fi|1, , -1+ —

s )Tan[e+fx]2}+
2 2 a?

1

+
1- (—1+ %) Tan[e + f x]?
a

2 1 4
[a2 (a>-b%) (4+p) AppellFl[;p, -=1, +p, ~Tan[e+fx]2,
2 2

—a2+b2) T fx]?
(-a?+b?) jn[e+ all ]Tan[eJrfx]\/1+Tan[e+-Fx]2 [2 [2(a2b2)

a
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2 b? 2
» ~Tanfe+fx])?, | -1+ —| Tan[e+ fx] |+
a

+p 6+p

4
AppellFl[i, -

1

) 2:

2 2

1 5 b2 5

- , -Tan[e + fx]2, “le— Tan[e + f x]2]
a

Lol )

6
a% AppellF1| +p’ , 1, ll

2

N

2[1+b2 (2+p)

a2

Sec[e+fx]2Tan[e+fx] +a% (4+p) [
4+p
2+p 1 4+p ) b2 )
AppellF1|1+ - =, 2,1+ , -Tan[e+fx]?, |-1+ —| Tan[e+fx]?]
2 2 2 a?
2 1 4
(2+p) AppellF1[1+ — P, = 1,1, =P,
44p 2 72 2

Sec[e+fx]2Tan[e+fx] +

b2
1+—2J Tan[e+1‘x]2} Sec[e+fx]*Tan[e + f x]
a

+

~Tan[e + fx]?,

1 b? 4
-2 (a®-b?) ( 4(-1+] (4 +p) AppellF1[1+ +p,
6+p a? 2

Tan[e + f x]?

1 6+p 2 b2 2 2
-=,3,1+ » ~Tan[e+fx]?, | -1+ —|Tan[e+fx] | secfe +fx]
2 a
4+p 1 6+p
(4+p) AppellF1[1+ y 2,1+ s
6+p 2 2 2
b2
~Tan[e +fx]?, [1+2J Tan[e+fx]2]| Sec[e+fx]2Tan[e+fx] |+
a

Tan[e + fx] +

) 1 b? 4+p 1 6+p
a 2 |-1+—| (4+p) AppellF1[1+ , =, 2,1+ s
6+p a2 2 2 2

b2
~-Tan[e +fx]?, [1+2J Tan[e +fx]2] Sec[e+fx]*Tan[e+fx] -
a

4+p 3 6+p )
(4 +p) AppellF1|1 + , S, 1,1+ , -Tan[e + fx]?,
6+p 2 2 2
b2 2 2
“1s— Tan[e + fx]?] Sec[e+fx]?Tan[e + fx] /
a
2 1 4
b (2+p) [az (4+p) AppellF1[ =P, = 1, TP tanfes £x)2,
2 2 2
b2 4
(—1+ 2] Tan[e+fx]2] + [—2 (a® - b?) AppellFl[;p,
a 2
1 6 b?
S22, 2P tanfes £x)2, [-1+— Tan[e+fx]2] +
2 2 a2
4 1 6 b2
a% AppellF1| +p, =, 1, +p’ ~-Tan[e+fx]2, (1+J Tan[e+fx]2})
2 2 2 a2

2
Tan[e+fx]?| (b®>Tan[e+fx]?-a’ (1+Tan[e+fx}2))]

Problem 207: Result more than twice size of optimal antiderivative.
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(gTan[e+fx])P
j dx

(a+bSin[e+1‘:x])2

Optimal (type 6, 737 leaves, 0 steps):

3. 1
L1 b2Cos[e + fx]2) 25 ", (*1*@)
a?Cos[e+fx] (1-Cosle+fx]?)z "% ,_ biCos[e+fx]*

-a%+b?
a’Cot[e+fx]? 1-
{(2 (a®-b?) +b? (1+q) Cos[e+fx]?) HurwitzLerchPhi |- [e+7X] , 1, q] -
a’-b? 2
a?Cotle+fx]2 3-
b? (-1+q) Cos[e +fx]?HurwitzLerchPhi |- 2[ +2 J , 1, q]]
ac-b 2

Sinfe + f x] (Sin[emcx]z)%('l'q) (gTan[e+fx])1

/(z (a2-b2)2 (a2 4 b?) £) -

y (1) 1-q 1-q 3-
Hypergeometric2F1 | g s g , a ,
2 2 2

b2 Cos[e + f x]?

-a%+b?

1-

a’Cos e+ fx]

2 2
COS[eJr'FX]zf b% Cos [e+f x

-a%+b?

1
| sinfe + fx] (Sin[e+-Fx]2)?(’1’°'> (gTan[e+fx])1 /
1- b2 Cos[e+f x]?
-a2+b?
b2 Cos[e+fx]? ; (1)

—a?+b?

((aszz)z-F(—lJrq)) +|b%Cos[e+fx] |1-

b%C +f x]2
. 17q 17q 37q COS[e-F'FX]Z— O,Sazibzx
Hypergeometric2F1 [ ) B B ]
2 2 2 1_b2Cos e+f x]?

-a%+b?

1

Sinfe + f x] (Sin[e+fx]2)z<'l'q) (gTan[e+fx])? /((aszz)zf(flJrq))f

1-q q 3-¢q , b?Cosfe+fx]?
2abAppellFl|—, - =, 2, —, Cos[e+fx]?, ————————| Cos[e+fX]
2 2 2 -a%+b?

/((a27b2>2f(71+q))

(Sin[e+fx}2)’q/2 (gTan[e+fx])?

Result (type 6, 3387 leaves):

Tan[e+fx]*P (gTan[e+fx])P

—a2ab?) T £x12
(—1 [—(a2+b2> Hypergeometric2Fi|1, 1+p) 3+p, (za%+b?) Tan(e+ £x] |+
a2 (1+p) 2 2 a2
_ 32 b2 T f 2
2 b? Hyper‘geometricZFl[Z, 1+p, 3+p, ( T ) anfe ] } +

2 2 a?

2 1
(2 a*b (a®-b?) (4+p) AppellFl[;, -=, 2, , -Tan[e +fx]2,
2 2

| 177



178 | Mathematica 11.3 Integration Test Results for 4.1.1.3 (g tan)”p (a+b sin)~m.nb

(-a%+b?) Tan[e + f x]2
2

/

| Tan[e + f x] \/1+Tan[e+-Fx]2

a

; 2+p 1 4+p 2 b? 2
(2+p) [a® (4+p) AppellF1[—, - =, 2, , -Tan[e+fx]?, “1v— Tan[e+fx]2] +
2 2 a
4 1 6 b2
{—4 (a% - b?) AppellFl{Lp, -, 3, +p, ~-Tan[e + fx]?2, (—1+ —) Tanle + fx]?] +

2 2 2 a2

, 4+p 1 6+p , b2 ,

a AppellFl[ s T 2, , —Tan[e+fx]%, |-1+ — | Tan[e + f X] }

2 2 2 a2

Tan[e + fx]? (bZTan[e+1:x}2—a2 (1+Tan[e+fx}2))2]J]/

(-a®+b%) f (a+bSin[e+1“x])2 (1+p) Secle+fx]?Tan[e+fx]P

-a%+b?
[#[— (a® + b?) Hypergeometric2Fi|1, 1+p) 3+p, (-a%+b?) Tan[e+fx12] .
a (1+p) 5 5 %
2 i +p 3+p (-a?+b?) Tan[e+fx]?
2 b? Hypergeometric2F1 |2, T . 1] -

P 1 _ 4sp

2
{2 a’b (a®-b?) (4+p) AppellFl[;, -2, 2, , -Tan[e + fx]2,
2

/

2 2

-a2+b?) Tan[e + f x]2
( ) [ 1 | Tan[e + f x] \/1+Tan[e+-Fx}2

a2

2 1 4
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Summary of Integration Test Results

208 integration problems

A - 130 optimal antiderivatives

B - 39 more than twice size of optimal antiderivatives
C - 30 unnecessarily complex antiderivatives

D - 8 unable tointegrate problems

E - 1integration timeouts



